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Abstract

An importantrecentdevelopmentin the areaof solutionof generakparsesystemf linearequations
hasbeenthe introductionof new algorithmsthatallow completedecouplingof symbolicandnumerical
phaseof sparseGaussiareliminationwith partial pivoting. This enable<f cient solutionof a seriesof
sparsesystemswith the samenonzeropatternbut differentcoefcient values,which is a fairly common
situationin practicalapplicationsThis paperreportson asharedanddistributed-memoryarallelgeneral
sparsesolver basedon thesenew symbolicandunsymmetric-pattermultifrontal algorithms.

1 Intr oduction

Directsolutionof generakparsesystem®f linearequation®f theform Ax = binvolvesfour phasesanalysis
comprisingorderingfor Il-in reductionand symbolic factorization,numericalfactorizationof the sparse
coefcient matrix A into triangularfactorsL andU usingGaussiareliminationwith partial pivoting, forward
andbadkward eliminationto solve for x usingthetriangularfactorsL andU andthe right-handsidevector
b, anditerative re nementof the computedsolution. A numericallystablefactorizationof generalsparse
matricesinvolvespivoting, or interchangef rows or columnsduringfactorization.As aresult,corventional
solversusuallyneedto combinethe numericalfactorizationwith atleastsomesymbolicanalysiswhich can
beinefcient andhardto parallelize.Parallelgenerakolvers,in the past,have eitherincludedsomesymbolic
analysisin their numericalfactorizationphasg10, 3] or have attemptedo getaroundthis problemby static
pivoting [11] or by simplifying and symmetrizingthe datastructureq1]. Eachof theseapproache$asits
numericalor performancealisadwantagesparticularlyfor matriceswith signi cantly unsymmetricstructure.
We have recentlyintroducednen symbolicandnumericalalgorithmg[6] thatallow completedecoupling
of symbolicandnumericalphase®f sparsasaussiareliminationwith partial pivoting. This enablesf cient
solutionof multiple sparsesystemswith the samenonzeragpatternbut differentcoefcient values,whichis a



fairly commonsituationin practicalapplications.In this paper we describea paralleldirectsolver for gen-
eral sparsesystemf linear equationshasedon thesenew algorithmsthathasrecentlybeenincludedin the
WatsonSparseMatrix PackaggdWSMP)[7]. This solver utilizesbothshared-anddistributed-memoryparal-
lelismin the sameprogramandis designedor a hierarchicalparallelcomputemwith network-interconnecté
SMP nodes. We comparethe WSMP solver with two similar well knovn solvers: MUMPS [1, 2] and
SuperLlpist [11]. We shav thatthe WSMP solver achieressigni cantly betterperformancehanboththese
solvers basedon traditional algorithmsand is numericallymore robust than SuperLlis; . We hadearlier
shawvn [8] thatMUMPS andSuperLl st areamongsthefastesdistributed-memorygenerakparsesolvers
available. A detaileddescriptionof the variousfeaturesandalgorithmsemplo/ed by thesepackagesanbe
foundin [8].

Theprocesof factoringa sparsanatrix canbe expressedby a directedagyclic task-dependegyagraph,or
task-DAG in short. Theverticesof thisdirectedagyclic graph(DAG) correspondo thetasksof factoringrows
or columnsor groupsof rows andcolumnsof the sparsematrix andthe edgescorrespondo thedependencies
betweenthe tasks. A taskis readyfor executionif andonly if all taskswith incoming edgesto it have
completedln additionto atask-DAG, thereis adata-dependegaraphor adata-DAG associateevith sparse
matrix factorization.The vertex setof the data-DAG is the sameasthat of thetask-DAG for a given sparse
matrix. An edgefrom avertex i to avertex j in the data-DAG denoteghat at leastsomeof the outputdata
of taski is requiredasinput by taskj . In this paperwe de ne taski asthetaskof computingcolumni of L
androw i of U. Oncethetasksarede ned, thetask-DAG is uniqueto a sparsamatrix for a given permutation
of rows andcolumns;however, thedata-DAG is a functionof the sparsdactorizatioralgorithm. Multifrontal
algorithms[3, 4, 12] for sparsdactorizationcanwork with a minimal data-DAG (i.e., a data-DAG with the
smallestpossiblenumberof edges¥or a given matrix.

Had eld [10] introduceda parallelsparsd.U factorizationcodebasedn the unsymmetrigatternmulti-
frontal method.A signi cant dravbackof this implementationwasthat partial pivoting during factorization
would changethe row/column order of the sparsematrix. Therefore,the data-DAG neededto be gener
atedduring numericalfactorization thusintroducingconsiderablesymbolicprocessingverhead.Our sym-
bolic algorithmsinexpensvely computean a-priori minimal task-dependegcgraphandnearminimal data-
dependencgraphfor factoringa generalsparsematrix thatarevalid for ary amountof pivoting inducedby
the numericalvaluesduring LU factorization.This enableghe symbolicprocessingphaseto be completely
separatedrom numericalfactorization. As a result,the symboliccomputationneedsto be performedonly
oncefor matriceswith thesamanitial structurebut differentnumericalvalues andhencepotentiallydifferent
pivoting sequenceduringnumericalfactorization.

The remainderof the paperis organizedas follows. Section2 gives an overviev of WSMP's sparse
LU factorizationalgorithm. Section3 describeghe parallelimplementationof this algorithm. Section4
containgperformancendscalabilityresultsof this algorithmanda comparisorof theseresultswith thoseof
MUMPS[1] andSuperLlpis; [11]. Section5 containsconcludingremarks.

2 Overview of WSMP's sparselLU algorithm

Assumingthat the readeris familiar with the basicsof multifrontal methodswe brie y describeWSMP's
unsymmetrigpatternmultifrontal algorithm. Figure 1 shawvs a sparsematrix (a), its data-DAG (c) for fac-
torization and illustratesthe unsymmetricmultifrontal factorizationprocessboth without (d) and with (e)
pivoting. In the data-DAG of Figurel(c), eachvertex correspond$o arow-columnpair of the corresponding
sparsematrix. In practice,eachvertex of the data-DAG correspondg$o a supernoddq : r], which is a set
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Figurel: An examplefactorizatiorto shav how thefailure of pivot 1 is handledby a symmetricpermutation
of row andcolumn1 to mege themwith their LU-parentsupernode4. An “X' denotesa nonzeroin the
coefcient matrix anda “+' denotesa ll-in. Thecircled X' and '+' arecreateddueto pivoting. A "0'

denotesa Il-in predictedby the original symbolic factorizationthat hasa value of zero due to pivoting-
relatedmovementof rows andcolumns.
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Figure2: Organizationof atypical frontal matrix for a supernodeThefailed pivots from the LU-children of
the supernodareappendedt the beginning of the frontal matrix andthe extra rows andcolumnsinherited
from U- andL-descendentsgespeciiely, areappendedttheend.

of consecutie rows andcolumnsfrom g to r with the samenonzerostructurein the factorsL andU. The
data-DAG hasthreetypesof edgesnamelylL, U, andLU edges.Thetypeof anedgedeterminesvhetherdata
is mavedalongtherows or alongthe columns(or both)from a child to a parentin thedata-DAG (pleaseefer
to [6] for moredetails).

A fundamentablatastructurein our unsymmetrionultifrontal algorithmis the frontal matrix. A frontal
matrix is associatedvith eachsupernode.Fig. 2 shavs the organizationof a typical frontal matrix for a
supernodg = [q:r]. Thecoreof this frontal matrixis aj StructC .q) j j Struct{Uq ) j portion,where
Struct( .q) andStruct(Uy ) arepredictedoy the symbolicfactorization.In the absencef pivoting, the rst
r g+ 1rows andcolumnsof this matrix would be factoredand would be saved as partsof U andL,
respectiely. Theremainingtrailing submatrixconstituteshe contritution matrix C 9, whosecontentswvould
beabsorbednto thefrontal matricesof the parentof g in thedata-DAG.

In thepresenc®f numericalpivoting, extra pivotsaswell asotherrows andcolumnsmaybeaddedo the
frontal matrix dependingon the labelsand pivot failuresof the childrenof g in the data-DAG. Extra pivots
(row-column pairswith the sameindices)areaddedto F 9 if someof the pivots of g's LU-childrenfail to
satisfythe pivoting criterion. The LU-childrenof g themselesmayhave inheritedsomeor all of thesefailed
pivots from their own LU-children. Thereforefailed pivots from ary of the LU-descendentsf g canendup
in its frontal matrix. If p suchpivots areaddedthenthe sizeof the pivot blockincreasesromr g+ 1to



r g+p+1

Thefrontal matrix F ¢ cansimilarly inherit extrarows correspondingdo failedpivotsin its U-descendents
whoselLU-parentsare greaterthang andextra columnscorrespondindo failed pivotsin its L-descendents
whoselLU-parentsare greaterthang. Irrespectie of their new indices,theseextra rows and columnsare
always appendedht the end of the original rows and columnsof F ¢ and a sortedlist of their indicesis
maintainedat eachsupernode Eventually theseare assemblednto the extra pivots of the frontal matrices
of the LU-parentsof the supernodesvherethesepivots failed. Therow andcolumnstructuregpredictedby
symbolicfactorizationarekeptintactfor futurefactorization®f matriceswith the samenonzergpattern.The
additionsto thesestructuresiueto pivoting, whichdependnthenonzerovaluesin thematrixbeingfactored,
aremaintainedseparatelyandarediscardedeforeeachnew factorization.

Figure1(d) shawvs thefrontal matricestheir contritution blocks(shadedportions),andthe movementof
datafrom childrens contrikution blocksto their parentdrontal matricedor afactorizatiorthatproceedsvith-
out pivoting. Parts(b) and(e) of the same gure illustratethe scenaridn which pivot 1 fails. As Figurel1(e)
shaws, this pivot failure leadsto the additionof anextra row atthe endof F 2, anextra columnat the endof
F 3, andanextra pivot atthe beginningof F 4. Theextracolumnof C2 andtheextrarow of C2 areassembled
into F 4. Figurel1(b)illustrateshow the handlingof this pivot failureis equivalentto moving row andcolumn
1 to apositionbetweerrows andcolumns3 and4 in the original matrix.

3 Parallel implementation

In this section,we describethe shared-and distributed-memoryparallelimplementationof the algorithm
describedn Sections2. WSMP is designedo male the bestuseof the computationaresourceof most
modernparallel computers. Thesemachines typically, are either shared-memorynultiprocessoror are
clustersof nodesconsistingof shared-memorgnultiprocessorsWSMP canrun on multiple nodesusingMPI
processeandeachprocessiseshreadgthe Pthreaddibrary) to utilize all the CPUson thenode.

The symbolicpreprocessingtep,amongotherthings,generatesa staticdata-DAG thatde nesthe com-
municationand computationpatternof the multifrontal LU factorization. This staticinformationis usedto
generate staticmappingof the data-DAG ontothe processesThework requiredto processertainsupern-
odescould changeduring executiondueto pivoting. However, suchchangesareusuallyrelatvely smalland
arerandomlydistributedamongthe processesThereforethey rarely poseaserioudoad-imbalanceroblem.
Dynamicload-balancingvould have introducedextra communicatioroverheadandothercompleitiesin the
code. With thesefactorsin mind, we chosestatic load-balancingat the procesdevel. However, multiple
threadsrunningon eachprocesskeeptheir loadsbalanceddynamically Eachprocesgnaintainsa dynamic
heapof tasksthatarereadyfor execution. The threadsdynamicallypick tasksfrom the heapandaddmore
tasksasthey becomeavailable.While processinghoseportionsof the DAG whereenoughindependentasks
cannotbefoundto keepall processorbusy multiple processorareusedto performthelevel-3 BLAS opera-
tionson supernodem parallel.More detailsof the SMP-parallecomponentf thefactorizationcanbefound
in [5].

While tasksare assigneddynamicallyto threads,they are assignedstaticallyto MPI processes.The
work associatedavith eachsupernodef the data-DAG is computedandeachsupernodes thenassignedan
executingparentpbasednthelongestweightedpathfrom therootsupernodeThisimposesatreeonthedata-
DAG, andarecursve procedurestartingat theroot mapssupernodesnto MPI processestatically basedon
theamountof work in eachsubtreeat eachstage.

With the exceptionof the root supernodea typical taskin WSMP's multifrontal factorizationinvolves



partial factorizationandupdateof a denserectangulafrontal matrix anddistributing the updatedpart of the
matrix amongthe parentsof the supernodeorrespondindo the factoredfrontal matrix. The root supernode
involvesfull factorizationof a densesquarematrix. Dependingon its sizeandlocationrelative to theroot,
a task may be mappedonto one or multiple processesWhen mappedon a single processa task may be
performedby a singleor by multiple threads.If required,appropriateshared-memorparalleldensdinear
algebraroutinesareemplo/edfor partialfactorizationandupdates Henceforthwe will focuson describing
process-ieel parallelizationof WSMP's unsymmetricsparsdactorizationalgorithm.

When a taskis mappedonto multiple processesthe group of processe®n which the taskis mapped
is viewed asa virtual grid. The virtual grid canbe one-dimensionabr two-dimensionaldependingon the
numberof processesin the currentimplementationthe gridsarechosersuchthatthey areone-dimensional
with multiple columnsfor lessthan6 processeandaretwo-dimensionafor 6 or moreprocessesMoreover,
the numberof processows in all gridsis alwaysa power of 2. This permitsrapid broadcasandreduction
operationamongtheprocessem aprocess-columnAll grid sizesarenotallowed. For example,a5-process
gridis1 5, a6-procesgridis2 3, a7-procesgridis notallowed,andan8-procesgridis2 4. Theroot
supernodés alwaysmappedntothelargestpermissiblegrid with numberof processefessthanor equalto
thetotalnumberof MPI processethatthe programis runningon. As we move awvay from therootsupernode
in the data-DAG andasmoretaskscanbe executedin parallel,the procesgyrids ontowhich thesetasksare
mappedecomeprogressiely smaller Eventually thetasksaremappedntosingleprocesses.

In additionto a serial/multithreadegartial factorizationkernel, four typesof message-passirgarallel
factorizationkernelsare employed for the four scenariodor mappingfrontal matricesonto procesgyrid, as
shawvn in Figure3. Ef cient implementatiorof pivoting for numericalstability is a key requiremenbf these
kernels.

With a non-rootfrontal matrix mappedonto a one-dimensionajrid (Figure3(a)),if aprocessan nd a
pivot amongits columns,thenno communicatioris requiredfor pivoting. Otherwisea columninterchange
involving communicatiorwith anothemprocesss required.Whena non-rootfrontal matrix is mappedntoa
two-dimensionagrid (Figure3(b)), then nding a pivot mayrequireall processes a columnof thegrid to
communicateo nd thepivot. Thatis thereasorwhy the procesgridshave fewer rows thancolumnsandthe
numberof rows is a power of two sothatfastlogarithmictime communicatiorpatternscanbe usedfor pivot
searchealongcolumns.Furthermorethis communications avoidedat every singlepivot stepby exchanging
datacorrespondingo morethanonecolumnin eachcommunicatiorstep. Thefrontalmatrix correspondingp
theroot supernod@ever requirescolumninterchangebecausehis matrix is factoredcompletely Therefore,
pivoting is alwaysfree of communicatiorfor this matrix on a one-dimensionajrid (Figure3(c)). On a two-
dimensionaprid (Figure3(d)), pivoting on the root supernodénvolvescommunicatioramongthe processes
alongprocessolumnsonly. Oncea pivot block hasbeenfactored,it is communicateaglongthe pivot row
andthe pivot column,which areupdatedandarethencommunicateclongthe columnsandthe rows of the
grid, respecirely, to updatethe remaindeiof the matrix. The computatiorthenmovesto the next pivot block
in a pipelinedmannerandcontinuesuntil the supernoddasbeenfactoredcompletelyor no morepivots can
befound.

After all rows andcolumnscorrespondingo asupernodéave beeneliminatedor it is determinedhatno
moresuitablepivots canbe found,the updatematrix is distributedamongthe parentsupernodefor inclusion
into their frontal matrices.This updatematrix includesthe unfactoredrows andcolumnsof the supernodeif
ary. Thisis acrucialcommunicatiorstepthatmustbe performedef ciently . In orderto limit communication
duringthis step,therows andcolumnsof thefrontal/updatenatricesaredistribtutedamongthe processesf a
grid basedon the binary representationf the globalindicesof the rows andcolumnsin the original matrix.
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This schemds describedn detailin [9] in the context of symmetricmatrices. This distribution avoids an
all-to-all communicatiorbetweenthe processesf the child andparentgrids. A processrom the child grid
usuallyneeddgo senddatato only a smallpredeterminedubsebf processesf the parentgrid.

4 Performanceresultsand comparisons

In this section,we presentdetailedperformanceresultsof WSMP (version6.7) and comparethem with
thoseof MUMPS[1] (version4.6) andSuperLlpis; [11] (version2.0)on asuiteof 25 diversetestmatrices.
MUMPS s amultifrontal solver like WSMR but workswith aneliminationtreeandsymmetricdatastructures
derived by paddingthe matrix with zerosto male it structurallysymmetric.SuperLUusesa supernodatight
looking factorizationalgorithmwith staticpivoting; i.e., insteadof swappingrows or columnsfor numerical
stability, it merelyperturbsvery small or zerodiagonalentriesto a suitablelarger valueto allow the factor
izationto continue. It relieson iterative re nementto recover the accurag lost dueto this perturbation.A
detaileddescriptionof the variousalgorithmicfeaturesof thesepackagesanbe foundin [8]. The experi-
mentswereperformedon a 32-nodelBM SP3runningAlX 5.2. Eachnodehadfour 450MHz Pover3CPUs
and4 Gbytesof RAM. All codeswverecompiledwith -O3 optimizationoptionin 64-bitmodeandlinkedwith
ESSLBLAS. A maximumof 4 Gbytesof memoryis availableto eachprocess.

In orderto keepthe comparisorasfair as possible,the following preprocessingtepswere appliedto
the matricesbeforepassinghemon the symbolicand numericalfactorizationphasef eachcode. WSMP
usedits built-in maximum-matchingodeto maximizethe productof the diagonalentriesfor all matrices,
which werethenscaledto ensurethatthe magnitudeof eachdiagonalentrywas1.0. This wasfollowed by
a symmetricpermutationfor Il-reduction basedon a distributed nested-dissectionrderingappliedto the
structureof A + AT, whereA is the matrix obtainedafter row permutationbasedon maximummatching.
For MUMPS andSuperLU the samepreprocessingtepwasapplied,followed by a ll-reducing symmetric
orderingusingWSMP's serial nested-dissectioalgorithm. MUMPS' and SuperLUS built-in unsymmetric
permutation scaling,and orderingoptionswere switchedoff. As a result, MUMPS and SuperLUalways
worked on identicalmatrices.On a single CPU, all threesolversworked on identicalmatrices.However, on
morethanl CPU,the permutationgeneratedy WSMP's serialorderingalgorithmappliedto MUMPS and
SuperLUis differentfrom that generatedy WSMP's distributed orderingalgorithm. Thesedifferencesare
smallandrandom.Thereforewe expectthatthelarge numberof resultsreportedatotal of 100,four oneach
of the25 matricessmoothsuttherandomdifferencesandwe canderive usefulconclusiongrom thegeneral
patternghatcanbeobsered from theseresults.

All resultsin this sectionare presentedisingbar charts, wherethe lengthsof the barsare normalized
with respectinappropriateguantityin each gure. Eachbaris subdvidedinto a solid anda hollow portion.
Thesolid portioncorrespondso thefactorizationtime. The solutionphasds depictedby the hollow portion
of thebarsandincludesthe time taken by the solvers' built-in iterative re nementto reducethe normof the
residualto 10 °. Thisis importantfor afair comparisorof the solversbecausehey applydifferentpivoting
techniqueswhich resultin differenttrade-ofs betweerthe accurag andspeedf factorization.We wantto
measurdhe overall effectivenessof the algorithmicanddesignchoicesmadein differentsolversin solving
real-life problemsn apracticalsetting.

As describedearlier our target machineis a clusterof shared-memorynultiprocessorgonnectedvith
a high-speedswitch. The fact that eachnodeis a multiprocessoiis typical of todaysparallel computing

!Readersnterestedn actualtimescanobtainthemat http://wwwcs.umn.edwgupta/wsmp
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ernvironments. On a machinelike this, a userhasa choiceof usinga combinationof shared-memonand
message-passimgarallelism.MUMPS andSuperLU s wereinitially designedo work only in distributed-
memoryparallelmode;however, they canbelikedwith threadedBLAS. Wetried usingmultiple combinations
of threadsandMPI processefor MUMPS and SuperLUandfoundthat overall, both packagesleliver their
bestperformancevith asinglethreadandasmary MPI processeasthenumberof CPUs.WSMPis designed
speci cally for clustersof multiprocessorsln Figure4 we presentheresultsof factoringandsolvingthe 15
largestsystemsn our testsuiteon 8 and 16 CPUswith 1, 2, and4 threadsper MPI process.Theseresults
shav thaton 8 CPUs,the bestperformancds obtainedwith 2 threadsand4 MPI processei 60% of the
casesOn 16 CPUs thebestperformances obtainedwith 2 threadsand8 MPI processems 80%of thecases.
Using4 threadgperMPI processappearso betheworstcasefor mostmatrices Basedontheseobsenrations,
we conducttheremainderof the experimentsasfollows. For MUMPS andSuperLU we alwaysuseasmary
MPI processeasthe numberof CPUs. The MPI processearerun onindividual nodesthususingonly one
of the four CPUson eachnode,and having all memoryof eachnodeavailableto them. It wasobsered
thatusingtwo processepernodeyieldedsimilar timing results but the solversranout of memoryfor some
matrices.Usingfour processepernodedegradedthe performancdor somematricesandthe solversranout
of memoryin mary casesFor WSMP, we useonethreadperMPI procesgor upto 4 CPUs,and2 threadger
MPI procesdor morethat4 CPUs.Justlike MUMPS andSuperLUthe MPI processearerun onindividual
nodes.

Figure5 shavs how the factorizationandsolutiontimesof WSMP scalewith the numberof CPUs. For
this, andthe remainderf theresultsin the paper we have divided the testmatricesinto two cateyories. For
the 10 biggestproblems(in termsof their serialfactorizationand solutiontime), we presentresultson 4 to
32 CPUs,andfor the remainingmatrices,we presenthe resultson 1 to 8 CPUs. In Figure5, the lengths
of the barsare normalizedwith respectto that for 4 CPUsfor the large problems,andfor 1 CPU for the
remainingproblems.Theactualtime in secondgorrespondingo theunit lengthbarsaregivenin thecolumn
ontheright sideof the gure. Noticethatthe scalabilityis generallygood,with afew exceptionswherethe
speedupsrepooror even lessthan 1.0 in somecases.We will soonseethat suchproblemcasesxist for
MUMPS andSuperLUtoo. In factWSMP seemdo have fewer problemcaseghanothersolvers.

Figure 6 shaws a comparisonof the timestaken by WSMP and MUMPS to factorand solve our test
problems. In eachcase,the total solutiontime of WSMP is consideredo be one unit andall othertimes
arenormalizedwith respectto this. The structuralsymmetryof eachmatrix (after preprocessings shavn
in the columnmarked SSon the left. Somekey obserationsfrom this gure areasfollows. The structural
symmetrydoesnotseento playanimportantrolein therelative performancef WSMPandMUMPS. Barring
the problemcasedor WSMP (e.g.,opti_andi, g7jac200 and MUMPS (e.g.,comp2c,.eth-2dp,mil094), the
runtime of MUMPS onthesmallesinumberof CPUsfor eachmatrixis betweemafactorof 1.0and1.5of the
WSMPtime. However, WSMP appeardo scalemuchbetter andasa result,the heightsof the barsfor each
matrix usuallyincreasessthe numberof CPUsis increasedIn particular the solve phaseof WSMP seems
to scalesigni cantly betterthanthatof MUMPS, eventhoughboth solversusuallyrequirethe samenumber
of iterationsof re nement. Among a total of 100 obsenrationsreported WSMP is slowver than MUMPS in
8% of the casesandis morethantwice asfastin abouthalf the cases.

Figure7 shavs asimilarcomparisorbetweenNSMPandSuperLl st . SuperLUseemdo haveanumber
of problemcases. For example,for comp2c,eth-2dp,lhr71c, mil094, onetonel pre-2, andtwotoneg it is
between8 and 250 times slowver than WSMPR It alsofails to producethe correctsolutionfor 6 out of 25
problems. For the remainingproblems,the scalability of WSMP and SuperLUappeardo be similar; i.e.,
thelengthsof thebarsshav smallrandom uctuations for a given matrix asthe numberof CPUsis changed.
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Figure 6: Parallel factor and solve time of MUMPS with respectto that of WSMP The solid portion of
eachbarrepresent$actorizationandthe hollow portionrepresentsolve. The rst columnlists the structural
symmetryof the preprocessenhatrix.
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Figure7: Parallelfactorandsolve time of MUMPS with respecto thatof WSMP. The casesnarked “NF”

arethosein which SuperLlp st generatecnincorrectsolution,evenafteriterative re nement.
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While unlike MUMPS, the solve phaseof SuperLUis notinherentlyslow, it stills takesaconsiderabl@ortion
of thetotaltime for mary problemsdueto theextraiteratve re nementstepsequiredto recover theaccurag
lostin staticpivoting. Amongatotal of 100 obserationsreported WSMP is slower thanSuperLUin 3% of
thecasesandis morethantwice asfastin abouttwo-thirdsof thecases.

5 Concluding remarks

In this paperwe introduceWSMP's shared-anddistributed-memoryparallelsparsalirectsolver for general
matricesandcomparedts performancewith thatof MUMPS andSuperLl st on a suiteof 25 testmatrices
onupto 32 CPUs.Onanaverage WSMP appeardso comparextremelyfavorablywith respecto bothother

distributed-memoryparallelsolvers,which themseles arethe amongbestsuchsolversavailable. Thereare

ses/eral algorithmicanddesignchoicesthat contritute to WSMP's performance Someof thesekey features
are:(1) new staticdependencgraphg6] thatpermiteffective staticmappingof tasksto processeéminimizes
communication)(2) dynamicthresholdpivoting (avoids numericalfailuresandcostly iterative re nement),

(3) unsymmetricpatternmultifrontal algorithm (avoids extra memoryand operationsdueto arti cial sym-

metrizationof the structure usesmemoryhierarchyeffectively throughlevel 3 BLAS), (4) two-dimensional
procesgridswith mappingbasednbinaryrepresentationf globalindices(minimizescommunication)and

(5) ahierarchicakhared-anddistributed-memoryparalleldesign(enhancescalability).
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