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Abstract

An importantrecentdevelopmentin theareaof solutionof generalsparsesystemsof linearequations
hasbeenthe introductionof new algorithmsthatallow completedecouplingof symbolicandnumerical
phasesof sparseGaussianeliminationwith partialpivoting. This enablesef�cient solutionof a seriesof
sparsesystemswith thesamenonzeropatternbut differentcoef�cient values,which is a fairly common
situationin practicalapplications.Thispaperreportsonashared-anddistributed-memoryparallelgeneral
sparsesolverbasedon thesenew symbolicandunsymmetric-patternmultifrontal algorithms.

1 Intr oduction

Directsolutionof generalsparsesystemsof linearequationsof theformAx = binvolvesfourphases:analysis
comprisingorderingfor �ll-in reductionand symbolic factorization,numericalfactorizationof the sparse
coef�cient matrixA into triangularfactorsL andU usingGaussianeliminationwith partialpivoting, forward
andbackward eliminationto solve for x usingthetriangularfactorsL andU andtheright-handsidevector
b, and iterative re�nementof the computedsolution. A numericallystablefactorizationof generalsparse
matricesinvolvespivoting, or interchangeof rows or columnsduringfactorization.As a result,conventional
solversusuallyneedto combinethenumericalfactorizationwith at leastsomesymbolicanalysis,which can
beinef�cient andhardto parallelize.Parallelgeneralsolvers,in thepast,haveeitherincludedsomesymbolic
analysisin their numericalfactorizationphase[10, 3] or have attemptedto getaroundthis problemby static
pivoting [11] or by simplifying andsymmetrizingthe datastructures[1]. Eachof theseapproacheshasits
numericalor performancedisadvantages,particularlyfor matriceswith signi�cantly unsymmetricstructure.

Wehave recentlyintroducednew symbolicandnumericalalgorithms[6] thatallow completedecoupling
of symbolicandnumericalphasesof sparseGaussianeliminationwith partialpivoting. Thisenablesef�cient
solutionof multiple sparsesystemswith thesamenonzeropatternbut differentcoef�cient values,which is a
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fairly commonsituationin practicalapplications.In this paper, we describea paralleldirectsolver for gen-
eralsparsesystemsof linearequationsbasedon thesenew algorithmsthathasrecentlybeenincludedin the
WatsonSparseMatrix Package(WSMP)[7]. Thissolverutilizesbothshared-anddistributed-memoryparal-
lelism in thesameprogramandis designedfor a hierarchicalparallelcomputerwith network-interconnected
SMP nodes. We comparethe WSMP solver with two similar well known solvers: MUMPS [1, 2] and
SuperLUD ist [11]. Weshow thattheWSMPsolver achievessigni�cantly betterperformancethanboththese
solversbasedon traditionalalgorithmsand is numericallymorerobust thanSuperLUD ist . We hadearlier
shown [8] thatMUMPS andSuperLUD ist areamongstthefastestdistributed-memorygeneralsparsesolvers
available. A detaileddescriptionof thevariousfeaturesandalgorithmsemployedby thesepackagescanbe
foundin [8].

Theprocessof factoringasparsematrixcanbeexpressedby adirectedacyclic task-dependency graph,or
task-DAG in short.Theverticesof thisdirectedacyclic graph(DAG) correspondto thetasksof factoringrows
or columnsor groupsof rowsandcolumnsof thesparsematrixandtheedgescorrespondto thedependencies
betweenthe tasks. A task is readyfor executionif and only if all taskswith incoming edgesto it have
completed.In additionto atask-DAG, thereis adata-dependency graphor adata-DAG associatedwith sparse
matrix factorization.Thevertex setof thedata-DAG is thesameasthatof the task-DAG for a givensparse
matrix. An edgefrom a vertex i to a vertex j in thedata-DAG denotesthatat leastsomeof theoutputdata
of taski is requiredasinput by taskj . In this paper, we de�ne taski asthetaskof computingcolumni of L
androw i of U. Oncethetasksarede�ned, thetask-DAG is uniqueto asparsematrix for agivenpermutation
of rows andcolumns;however, thedata-DAG is a functionof thesparsefactorizationalgorithm.Multifrontal
algorithms[3, 4, 12] for sparsefactorizationcanwork with a minimal data-DAG (i.e., a data-DAG with the
smallestpossiblenumberof edges)for agivenmatrix.

Had�eld [10] introducedaparallelsparseLU factorizationcodebasedon theunsymmetricpatternmulti-
frontal method.A signi�cant drawbackof this implementationwasthatpartialpivoting duringfactorization
would changethe row/column order of the sparsematrix. Therefore,the data-DAG neededto be gener-
atedduringnumericalfactorization,thusintroducingconsiderablesymbolicprocessingoverhead.Our sym-
bolic algorithmsinexpensively computeana-priori minimal task-dependency graphandnear-minimal data-
dependency graphfor factoringa generalsparsematrix thatarevalid for any amountof pivoting inducedby
thenumericalvaluesduringLU factorization.This enablesthesymbolicprocessingphaseto becompletely
separatedfrom numericalfactorization.As a result,the symboliccomputationneedsto be performedonly
oncefor matriceswith thesameinitial structurebut differentnumericalvalues,andhence,potentiallydifferent
pivoting sequencesduringnumericalfactorization.

The remainderof the paperis organizedas follows. Section2 gives an overview of WSMP's sparse
LU factorizationalgorithm. Section3 describesthe parallel implementationof this algorithm. Section4
containsperformanceandscalabilityresultsof this algorithmandacomparisonof theseresultswith thoseof
MUMPS[1] andSuperLUD ist [11]. Section5 containsconcludingremarks.

2 Overview of WSMP'ssparseLU algorithm

Assumingthat the readeris familiar with the basicsof multifrontal methods,we brie�y describeWSMP's
unsymmetricpatternmultifrontal algorithm. Figure1 shows a sparsematrix (a), its data-DAG (c) for fac-
torizationand illustratesthe unsymmetricmultifrontal factorizationprocessboth without (d) and with (e)
pivoting. In thedata-DAG of Figure1(c),eachvertex correspondsto a row-columnpairof thecorresponding
sparsematrix. In practice,eachvertex of the data-DAG correspondsto a supernode[q : r ], which is a set
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Figure1: An examplefactorizationto show how thefailureof pivot 1 is handledby asymmetricpermutation
of row andcolumn1 to merge themwith their LU-parentsupernode,4. An `X' denotesa nonzeroin the
coef�cient matrix anda `+' denotesa �ll-in. The circled `X' and `+' arecreateddue to pivoting. A `0'
denotesa �ll-in predictedby the original symbolic factorizationthat hasa value of zero due to pivoting-
relatedmovementof rows andcolumns.
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Figure2: Organizationof a typical frontal matrix for a supernode.Thefailedpivotsfrom theLU-childrenof
thesupernodeareappendedat thebeginningof thefrontal matrix andtheextra rows andcolumnsinherited
from U- andL-descendents,respectively, areappendedat theend.

of consecutive rows andcolumnsfrom q to r with the samenonzerostructurein the factorsL andU. The
data-DAG hasthreetypesof edges,namelyL, U, andLU edges.Thetypeof anedgedetermineswhetherdata
is movedalongtherowsor alongthecolumns(or both)from achild to aparentin thedata-DAG (pleaserefer
to [6] for moredetails).

A fundamentaldatastructurein our unsymmetricmultifrontal algorithmis the frontal matrix. A frontal
matrix is associatedwith eachsupernode.Fig. 2 shows the organizationof a typical frontal matrix for a
supernodeg = [q : r ]. The coreof this frontal matrix is a j Struct(L � ;q) j � j Struct(Uq;� ) j portion,where
Struct(L � ;q) andStruct(Uq;� ) arepredictedby thesymbolicfactorization.In theabsenceof pivoting, the�rst
r � q + 1 rows and columnsof this matrix would be factoredand would be saved as partsof U and L,
respectively. Theremainingtrailing submatrixconstitutesthecontribution matrix C g, whosecontentswould
beabsorbedinto thefrontal matricesof theparentsof g in thedata-DAG.

In thepresenceof numericalpivoting,extrapivotsaswell asotherrowsandcolumnsmaybeaddedto the
frontal matrix dependingon the labelsandpivot failuresof thechildrenof g in thedata-DAG. Extrapivots
(row-columnpairswith the sameindices)areaddedto F g if someof the pivots of g's LU-children fail to
satisfythepivotingcriterion.TheLU-childrenof g themselvesmayhave inheritedsomeor all of thesefailed
pivotsfrom their own LU-children.Therefore,failedpivotsfrom any of theLU-descendentsof g canendup
in its frontal matrix. If p suchpivotsareadded,thenthesizeof thepivot block increasesfrom r � q + 1 to
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r � q + p + 1.
ThefrontalmatrixF g cansimilarly inherit extra rows correspondingto failedpivotsin its U-descendents

whoseLU-parentsaregreaterthang andextra columnscorrespondingto failed pivots in its L-descendents
whoseLU-parentsaregreaterthang. Irrespective of their new indices,theseextra rows andcolumnsare
always appendedat the end of the original rows and columnsof F g and a sortedlist of their indicesis
maintainedat eachsupernode.Eventually, theseareassembledinto the extra pivots of the frontal matrices
of theLU-parentsof thesupernodeswherethesepivots failed. Therow andcolumnstructurespredictedby
symbolicfactorizationarekeptintactfor futurefactorizationsof matriceswith thesamenonzeropattern.The
additionsto thesestructuresdueto pivoting,whichdependonthenonzerovaluesin thematrixbeingfactored,
aremaintainedseparatelyandarediscardedbeforeeachnew factorization.

Figure1(d) shows thefrontal matrices,their contribution blocks(shadedportions),andthemovementof
datafrom children'scontributionblocksto theirparentsfrontalmatricesfor afactorizationthatproceedswith-
out pivoting. Parts(b) and(e) of thesame�gure illustratethescenarioin which pivot 1 fails. As Figure1(e)
shows, this pivot failure leadsto theadditionof anextra row at theendof F 2, anextra columnat theendof
F 3, andanextrapivot at thebeginningof F 4. Theextracolumnof C2 andtheextra row of C3 areassembled
into F 4. Figure1(b) illustrateshow thehandlingof thispivot failureis equivalentto moving row andcolumn
1 to apositionbetweenrows andcolumns3 and4 in theoriginalmatrix.

3 Parallel implementation

In this section,we describethe shared-and distributed-memoryparallel implementationof the algorithm
describedin Sections2. WSMP is designedto make the bestuseof the computationalresourcesof most
modernparallel computers. Thesemachines,typically, are either shared-memorymultiprocessorsor are
clustersof nodesconsistingof shared-memorymultiprocessors.WSMPcanrunonmultiplenodesusingMPI
processesandeachprocessusesthreads(thePthreadslibrary) to utilize all theCPUson thenode.

Thesymbolicpreprocessingstep,amongotherthings,generatesa staticdata-DAG thatde�nes thecom-
municationandcomputationpatternof themultifrontal LU factorization.This staticinformationis usedto
generatea staticmappingof thedata-DAG ontotheprocesses.Thework requiredto processcertainsupern-
odescouldchangeduringexecutiondueto pivoting. However, suchchangesareusuallyrelatively smalland
arerandomlydistributedamongtheprocesses.Therefore,they rarelyposeaseriousload-imbalanceproblem.
Dynamicload-balancingwouldhave introducedextracommunicationoverheadandothercomplexities in the
code. With thesefactorsin mind, we chosestatic load-balancingat the processlevel. However, multiple
threadsrunningon eachprocesskeeptheir loadsbalanceddynamically. Eachprocessmaintainsa dynamic
heapof tasksthatarereadyfor execution. Thethreadsdynamicallypick tasksfrom theheapandaddmore
tasksasthey becomeavailable.While processingthoseportionsof theDAG whereenoughindependenttasks
cannotbefoundto keepall processorsbusy, multipleprocessorsareusedto performthelevel-3BLAS opera-
tionsonsupernodesin parallel.Moredetailsof theSMP-parallelcomponentof thefactorizationcanbefound
in [5].

While tasksare assigneddynamicallyto threads,they are assignedstatically to MPI processes.The
work associatedwith eachsupernodeof thedata-DAG is computedandeachsupernodeis thenassignedan
executingparent,basedonthelongestweightedpathfrom therootsupernode.Thisimposesatreeonthedata-
DAG, anda recursive procedurestartingat theroot mapssupernodesontoMPI processesstatically, basedon
theamountof work in eachsubtreeat eachstage.

With the exceptionof the root supernode,a typical taskin WSMP's multifrontal factorizationinvolves
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partial factorizationandupdateof a denserectangularfrontal matrix anddistributing theupdatedpartof the
matrix amongtheparentsof thesupernodecorrespondingto thefactoredfrontal matrix. Theroot supernode
involvesfull factorizationof a densesquarematrix. Dependingon its sizeandlocationrelative to the root,
a taskmay be mappedonto oneor multiple processes.Whenmappedon a singleprocess,a taskmay be
performedby a singleor by multiple threads.If required,appropriateshared-memoryparalleldenselinear
algebraroutinesareemployedfor partial factorizationandupdates.Henceforth,we will focuson describing
process-level parallelizationof WSMP'sunsymmetricsparsefactorizationalgorithm.

Whena task is mappedonto multiple processes,the group of processeson which the task is mapped
is viewed asa virtual grid. The virtual grid canbe one-dimensionalor two-dimensional,dependingon the
numberof processes.In thecurrentimplementation,thegridsarechosensuchthatthey areone-dimensional
with multiple columnsfor lessthan6 processesandaretwo-dimensionalfor 6 or moreprocesses.Moreover,
thenumberof processrows in all grids is alwaysa power of 2. This permitsrapidbroadcastandreduction
operationsamongtheprocessesin aprocess-column.All grid sizesarenotallowed.For example,a5-process
grid is 1� 5, a6-processgrid is 2� 3, a7-processgrid is notallowed,andan8-processgrid is 2� 4. Theroot
supernodeis alwaysmappedontothelargestpermissiblegrid with numberof processeslessthanor equalto
thetotalnumberof MPI processesthattheprogramis runningon. As wemoveawayfrom therootsupernode
in thedata-DAG andasmoretaskscanbeexecutedin parallel,theprocessgridsontowhich thesetasksare
mappedbecomeprogressively smaller. Eventually, thetasksaremappedontosingleprocesses.

In additionto a serial/multithreadedpartial factorizationkernel, four typesof message-passingparallel
factorizationkernelsareemployed for the four scenariosfor mappingfrontal matricesontoprocessgrid, as
shown in Figure3. Ef�cient implementationof pivoting for numericalstability is a key requirementof these
kernels.

With a non-rootfrontal matrix mappedontoa one-dimensionalgrid (Figure3(a)),if a processcan�nd a
pivot amongits columns,thenno communicationis requiredfor pivoting. Otherwise,a columninterchange
involving communicationwith anotherprocessis required.Whenanon-rootfrontal matrix is mappedontoa
two-dimensionalgrid (Figure3(b)), then�nding a pivot mayrequireall processesin a columnof thegrid to
communicateto �nd thepivot. Thatis thereasonwhy theprocessgridshavefewerrowsthancolumnsandthe
numberof rows is a power of two sothatfastlogarithmictime communicationpatternscanbeusedfor pivot
searchesalongcolumns.Furthermore,thiscommunicationis avoidedateverysinglepivot stepby exchanging
datacorrespondingto morethanonecolumnin eachcommunicationstep.Thefrontalmatrixcorrespondingto
therootsupernodenever requirescolumninterchangesbecausethismatrix is factoredcompletely. Therefore,
pivoting is alwaysfreeof communicationfor this matrix on a one-dimensionalgrid (Figure3(c)). On a two-
dimensionalgrid (Figure3(d)),pivoting on therootsupernodeinvolvescommunicationamongtheprocesses
alongprocesscolumnsonly. Oncea pivot block hasbeenfactored,it is communicatedalongthepivot row
andthepivot column,which areupdatedandarethencommunicatedalongthecolumnsandtherows of the
grid, respectively, to updatetheremainderof thematrix. Thecomputationthenmovesto thenext pivot block
in a pipelinedmannerandcontinuesuntil thesupernodehasbeenfactoredcompletelyor no morepivotscan
befound.

After all rowsandcolumnscorrespondingto asupernodehavebeeneliminated,or it is determinedthatno
moresuitablepivotscanbefound,theupdatematrix is distributedamongtheparentsupernodesfor inclusion
into their frontal matrices.This updatematrix includestheunfactoredrows andcolumnsof thesupernode,if
any. This is acrucialcommunicationstepthatmustbeperformedef�ciently. In orderto limit communication
duringthisstep,therows andcolumnsof thefrontal/updatematricesaredistributedamongtheprocessesof a
grid basedon thebinaryrepresentationof theglobal indicesof therows andcolumnsin theoriginal matrix.
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This schemeis describedin detail in [9] in the context of symmetricmatrices.This distribution avoids an
all-to-all communicationbetweentheprocessesof thechild andparentgrids. A processfrom thechild grid
usuallyneedsto senddatato only asmallpredeterminedsubsetof processesof theparentgrid.

4 Performanceresultsand comparisons

In this section,we presentdetailedperformanceresultsof WSMP (version6.7) and comparethem with
thoseof MUMPS [1] (version4.6)andSuperLUD ist [11] (version2.0)on a suiteof 25 diversetestmatrices.
MUMPSis amultifrontalsolver likeWSMP, but workswith aneliminationtreeandsymmetricdatastructures
derivedby paddingthematrixwith zerosto make it structurallysymmetric.SuperLUusesasupernodalright
looking factorizationalgorithmwith staticpivoting; i.e., insteadof swappingrows or columnsfor numerical
stability, it merelyperturbsvery smallor zerodiagonalentriesto a suitablelargervalueto allow thefactor-
ization to continue. It relieson iterative re�nementto recover the accuracy lost dueto this perturbation.A
detaileddescriptionof the variousalgorithmicfeaturesof thesepackagescanbe found in [8]. The experi-
mentswereperformedon a32-nodeIBM SP3runningAIX 5.2. Eachnodehadfour 450MHz Power3CPUs
and4 Gbytesof RAM. All codeswerecompiledwith -O3optimizationoptionin 64-bitmodeandlinkedwith
ESSLBLAS. A maximumof 4 Gbytesof memoryis availableto eachprocess.

In order to keepthe comparisonas fair aspossible,the following preprocessingstepswereappliedto
thematricesbeforepassingthemon thesymbolicandnumericalfactorizationphasesof eachcode.WSMP
usedits built-in maximum-matchingcodeto maximizethe productof the diagonalentriesfor all matrices,
which werethenscaledto ensurethat themagnitudeof eachdiagonalentrywas1.0. This wasfollowed by
a symmetricpermutationfor �ll-reduction basedon a distributed nested-dissectionorderingappliedto the
structureof A + AT , whereA is the matrix obtainedafter row permutationbasedon maximummatching.
For MUMPS andSuperLU,thesamepreprocessingstepwasapplied,followedby a �ll-reducing symmetric
orderingusingWSMP's serialnested-dissectionalgorithm. MUMPS' andSuperLU's built-in unsymmetric
permutation,scaling,andorderingoptionswereswitchedoff. As a result,MUMPS andSuperLUalways
workedon identicalmatrices.On a singleCPU,all threesolversworkedon identicalmatrices.However, on
morethan1 CPU,thepermutationgeneratedby WSMP's serialorderingalgorithmappliedto MUMPS and
SuperLUis differentfrom thatgeneratedby WSMP's distributedorderingalgorithm. Thesedifferencesare
smallandrandom.Therefore,weexpectthatthelargenumberof resultsreported(a totalof 100,four oneach
of the25matrices)smoothsouttherandomdifferencesandwecanderiveusefulconclusionsfrom thegeneral
patternsthatcanbeobservedfrom theseresults.

All resultsin this sectionarepresentedusingbar charts1, wherethe lengthsof the barsarenormalized
with respectanappropriatequantityin each�gure. Eachbar is subdivided into a solid anda hollow portion.
Thesolid portioncorrespondsto thefactorizationtime. Thesolutionphaseis depictedby thehollow portion
of thebarsandincludesthetime takenby thesolvers' built-in iterative re�nementto reducethenormof the
residualto 10� 15. This is importantfor a fair comparisonof thesolversbecausethey applydifferentpivoting
techniques,which resultin differenttrade-offs betweentheaccuracy andspeedof factorization.We wantto
measuretheoverall effectivenessof thealgorithmicanddesignchoicesmadein differentsolversin solving
real-lifeproblemsin apracticalsetting.

As describedearlier, our target machineis a clusterof shared-memorymultiprocessorsconnectedwith
a high-speedswitch. The fact that eachnodeis a multiprocessoris typical of todaysparallel computing

1Readersinterestedin actualtimescanobtainthemathttp://www.cs.umn.edu/agupta/wsmp.
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environments. On a machinelike this, a userhasa choiceof usinga combinationof shared-memoryand
message-passingparallelism.MUMPS andSuperLUD ist wereinitially designedto work only in distributed-
memoryparallelmode;however, they canbelikedwith threadedBLAS. Wetriedusingmultiplecombinations
of threadsandMPI processesfor MUMPS andSuperLUandfoundthatoverall, bothpackagesdeliver their
bestperformancewith asinglethreadandasmany MPI processesasthenumberof CPUs.WSMPis designed
speci�cally for clustersof multiprocessors.In Figure4 wepresenttheresultsof factoringandsolvingthe15
largestsystemsin our testsuiteon 8 and16 CPUswith 1, 2, and4 threadsperMPI process.Theseresults
show that on 8 CPUs,the bestperformanceis obtainedwith 2 threadsand4 MPI processesin 60% of the
cases.On16CPUs,thebestperformanceis obtainedwith 2 threadsand8 MPI processesin 80%of thecases.
Using4 threadsperMPI processappearsto betheworstcasefor mostmatrices.Basedontheseobservations,
weconducttheremainderof theexperimentsasfollows. For MUMPSandSuperLU,wealwaysuseasmany
MPI processesasthenumberof CPUs.TheMPI processesarerun on individual nodes,thususingonly one
of the four CPUson eachnode,andhaving all memoryof eachnodeavailable to them. It wasobserved
thatusingtwo processespernodeyieldedsimilar timing results,but thesolversranout of memoryfor some
matrices.Usingfour processespernodedegradedtheperformancefor somematricesandthesolversranout
of memoryin many cases.For WSMP, weuseonethreadperMPI processfor upto 4 CPUs,and2 threadsper
MPI processfor morethat4 CPUs.Justlike MUMPS andSuperLUtheMPI processesarerun on individual
nodes.

Figure5 shows how the factorizationandsolutiontimesof WSMPscalewith thenumberof CPUs.For
this, andtheremainderof theresultsin thepaper, we have dividedthetestmatricesinto two categories.For
the10 biggestproblems(in termsof their serialfactorizationandsolutiontime), we presentresultson 4 to
32 CPUs,andfor the remainingmatrices,we presentthe resultson 1 to 8 CPUs. In Figure5, the lengths
of the barsarenormalizedwith respectto that for 4 CPUsfor the large problems,andfor 1 CPU for the
remainingproblems.Theactualtime in secondscorrespondingto theunit lengthbarsaregivenin thecolumn
on theright sideof the�gure. Noticethatthescalabilityis generallygood,with a few exceptions,wherethe
speedupsarepoor or even lessthan1.0 in somecases.We will soonseethat suchproblemcasesexist for
MUMPSandSuperLUtoo. In factWSMPseemsto have fewerproblemcasesthanothersolvers.

Figure 6 shows a comparisonof the times taken by WSMP andMUMPS to factorand solve our test
problems. In eachcase,the total solutiontime of WSMP is consideredto be oneunit andall other times
arenormalizedwith respectto this. The structuralsymmetryof eachmatrix (afterpreprocessing)is shown
in thecolumnmarkedSSon the left. Somekey observationsfrom this �gure areasfollows. Thestructural
symmetrydoesnotseemto playanimportantrolein therelativeperformanceof WSMPandMUMPS.Barring
theproblemcasesfor WSMP(e.g.,opti andi, g7jac200) andMUMPS (e.g.,comp2c,eth-2dp,mil094), the
runtimeof MUMPSonthesmallestnumberof CPUsfor eachmatrix is betweenafactorof 1.0and1.5of the
WSMPtime. However, WSMPappearsto scalemuchbetter, andasa result,theheightsof thebarsfor each
matrix usuallyincreasesasthenumberof CPUsis increased.In particular, thesolve phaseof WSMPseems
to scalesigni�cantly betterthanthatof MUMPS,eventhoughbothsolversusuallyrequirethesamenumber
of iterationsof re�nement. Amonga total of 100observationsreported,WSMP is slower thanMUMPS in
8%of thecases,andis morethantwiceasfastin abouthalf thecases.

Figure7 showsasimilarcomparisonbetweenWSMPandSuperLUD ist . SuperLUseemsto haveanumber
of problemcases.For example,for comp2c,eth-2dp,lhr71c, mil094, onetone1,pre-2, and twotone, it is
between8 and250 timesslower thanWSMP. It also fails to producethe correctsolution for 6 out of 25
problems. For the remainingproblems,the scalabilityof WSMP andSuperLUappearsto be similar; i.e.,
thelengthsof thebarsshow smallrandom�uctuationsfor a givenmatrix asthenumberof CPUsis changed.
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4.5 > 5.04.03.50.5 1.0 1.5 2.0 2.5 3.0

WSMP factor+solve time = 1.0 unit

bbmat

ecl32

eth-3dm

g7jac200

mil094

opti_andi

para-8

psn3Db

pre-2

torso3

af23560

av41092

comp2c

eth-2dp

fidap011

fidapm11

invextr1

lhr71c

mixtank

nasasrb

onetone1

raefsky4

twotone

venkat50

wang4
Small matrices: MUMPS and WSMP factor + solve time comparison on 1, 2, 4, 8 CPUs

Large matrices: MUMPS and WSMP factor + solve time comparison on 4, 8, 16, 32 CPUs

SS

.50

.98

.93

1.0

.94

1.0

.46

.10

.21

.86

.08

0.91

1.0

.43

.12

1.0

1.0

.58

.95

1.0

.43

1.0

1.0

.21

1.0

Figure 6: Parallel factor and solve time of MUMPS with respectto that of WSMP. The solid portion of
eachbarrepresentsfactorizationandthehollow portionrepresentssolve. The�rst columnlists thestructural
symmetryof thepreprocessedmatrix.
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> 5.04.54.00.5 1.0 1.5 2.0 2.5 3.0 3.5

WSMP factor+solve time = 1.0 unit
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mil094
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fidap011

fidapm11
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raefsky4

twotone
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wang4

Large matrices: SuperLU and WSMP factor + solve time comparison on 4, 8, 16, 32 CPUs

Small matrices: SuperLU and WSMP factor + solve time comparison on 1, 2, 4, 8 CPUs

NF

NF

NF

NF

NF

NF

Figure7: Parallel factorandsolve time of MUMPS with respectto thatof WSMP. Thecasesmarked“NF”
arethosein whichSuperLUD ist generatedanincorrectsolution,evenafteriterative re�nement.
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While unlikeMUMPS,thesolvephaseof SuperLUis not inherentlyslow, it stills takesaconsiderableportion
of thetotal timefor many problemsdueto theextra iterative re�nementstepsrequiredto recover theaccuracy
lost in staticpivoting. Amonga total of 100observationsreported,WSMPis slower thanSuperLUin 3% of
thecases,andis morethantwiceasfastin abouttwo-thirdsof thecases.

5 Concluding remarks

In this paper, we introduceWSMP'sshared-anddistributed-memoryparallelsparsedirectsolver for general
matricesandcompareits performancewith thatof MUMPS andSuperLUD ist on a suiteof 25 testmatrices
onup to 32CPUs.Onanaverage,WSMPappearsto compareextremelyfavorablywith respectto bothother
distributed-memoryparallelsolvers,which themselvesaretheamongbestsuchsolversavailable. Thereare
severalalgorithmicanddesignchoicesthatcontribute to WSMP's performance.Someof thesekey features
are:(1) new staticdependency graphs[6] thatpermiteffectivestaticmappingof tasksto processes(minimizes
communication),(2) dynamicthresholdpivoting (avoids numericalfailuresandcostly iterative re�nement),
(3) unsymmetricpatternmultifrontal algorithm(avoids extra memoryandoperationsdueto arti�cial sym-
metrizationof thestructure,usesmemoryhierarchyeffectively throughlevel 3 BLAS), (4) two-dimensional
processgridswith mappingbasedonbinaryrepresentationof globalindices(minimizescommunication),and
(5) ahierarchicalshared-anddistributed-memoryparalleldesign(enhancesscalability).
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