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Abstract

Dimensionreductionis a critical data preprocessingtep for mary databaseand data mining applications,
such as efcient storageand retrieval of high-dimensionaldata. In the literature, a well-known dimension
reductionalgorithmis Linear DiscriminantAnalysis(LDA). The commonaspecbf previously proposed_DA-based
algorithmsis the useof SingularValue Decomposition(SVD). Due to the dif culty of designingan incremental
solution for the eigervalue problem on the product of scattermatricesin LDA, there has beenlittle work on
designingincrementalLDA algorithmsthat canef ciently incorporatenew dataitemsasthey becomeavailable.In
this paper we proposean LDA-basedincrementaldimensionreductionalgorithm, called IDR/QR, which applies
QR DecompositiorratherthanSVD. Unlike otherLDA-basedalgorithms this algorithmdoesnot requirethe whole
datamatrix in main memory This is desirablefor large datasets.More importantly with the insertionof new data
items, the IDR/QR algorithm can constrainthe computationakost by applying ef cient QR-updatingtechniques.
Finally, we evaluatethe effectivenessof the IDR/QR algorithmin termsof classi cation error rate on the reduced
dimensionalkpace Our experimentson several real-world datasetsreveal thatthe classi cationerror rate achieved
by the IDR/QR algorithmis very closeto the bestpossibleoneachieved by otherLDA-basedalgorithms.However,

the IDR/QR algorithmhasmuchlesscomputationatost,especiallywhennewn dataitemsareinserteddynamically
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I. INTRODUCTION

The problemof dimensionreductionhasrecentlyreceved broadattentionin areassuchas databases,
datamining, machinelearning,and information retrieval [3], [4], [10], [11], [21]. Ef®cient storageand
retrieval of high-dimensionatiatais oneof the centralissuesn databasenddatamining researchin the
literature,mary efforts have beenmadeto designmulti-dimensionaindex structureq8], suchas -trees,

-trees, -trees,SR-tree,etc, for speedingup query processingHowever, the effectivenessof queries
usingary indexing schemesleterioratesapidly asthe dimensionincreaseswhich is the so-calledcurse of
dimensionality A standardapproacho overcomethis problemis dimensionreduction,which transforms
the original high-dimensionatatainto a lower-dimensionalspacewith limited loss of information.Once
the high-dimensionatlatais mappednto a low dimensionakpacejndexing techniquesanbe effectively
appliedto organize this low dimensionalspaceand facilitate ef®cient retrieval of data[21]. A further
advantageof suchdimensionreductionis that it canimprove dataquality throughthe removal of noise
[1]. Thus,dimensionreductionis an importantdatapreparationstepfor mary datamining and database
applications.

The goal of dimensionreductioncan be either feature transformation,which aims to ®nd a linear
combinationof the original features,or feature selection,which selectsa subsetof featuresfrom the
original features.The settingcanbe unsupervisear superviseddependingn the availability of the class
label. In this paper we focus on superviseddimensionreductionby applying featuretransformation.

LinearDiscriminantAnalysis(LDA) is awell-known algorithmfor supervisedlimensiorreduction[12],
[15]. LDA computesa linear transformatiorby maximizingthe ratio of between-clasdistanceto within-
classdistance therebyachiezing maximal discrimination.A key problemwith LDA is that the scatter
matricesusedfor between-classind within-classdistancescan sometimesecomesingular In the past,
mary LDA extensionshave beendevelopedto dealwith this singularity problem.Thereare three major
extensionsregularizedLDA, PCA+LDA, andLDA/GSVD. The commonaspecbf thesealgorithmsis the

useof the SingularValue Decomposition(SVD) or GeneralizedSingularValue Decomposition(GSVD).



The differenceamongtheseLDA extensionds asfollows: RegularizedLDA [14] increaseshe magnitude
of the diagonalelementsof the scattermatrix by addinga scaledidentity matrix; PCA+LDA [2] ®rst
appliesPrincipal ComponentAnalysis (PCA) on the raw datato get a more compactrepresentatiorso
thatthe singularity of the scattermatricesis decreased;DA/GSVD [18], [34] solvesa traceoptimization

problemusing GSVD.

The above LDA extensionshave certainlimitations. First, SVD or GSVD requiresthat the whole data
matrix be storedin mainmemory This requiremenimalkesit dif®cult for theseLDA extensiongo scaleto
large datasets.Also, the computationatostof SVD or GSVD on large datamatricesis very high andcan
signi®cantly degradethe performanceof thesealgorithmswhen dealingwith large datasets.Finally, in
mary practicalapplicationsacquisitionof a representatie training datais expensve andtime-consuming.
It is thus commonto have a small chunk of dataavailable over a period of time. In suchsettings,it is
necessaryo develop an algorithmthat canrun in anincrementafashionto accommodate¢he new data.
However, sinceit is dif®cult to designan incrementalsolution of the eigervalue problemon the product
of scattermatricesof large size, little effort hasbeenmadeto designLDA-lik e algorithmsthat can be

updatedincrementallyto incorporatenewv dataitemsasthey becomeavailable.

The goal of this paperis to designan ef®cient and incrementaldimensionreductionalgorithm while
preservingcompetitve classi®cationperformanceMore precisely whenwe performclassi®cationon the
reduceddimensionablatageneratedy the proposedalgorithm,the achieved classi®catioraccurag should

be comparableo the bestpossibleclassi®cationaccurag achieved by other LDA-basedalgorithms.

In this paper we designan LDA-based,incrementaldimensionreductionalgorithm, called IDR/QR,
which appliesQR DecompositiorratherthanSVD or GSVD. The algorithmhastwo stagesThe ®rst stage
maximizesthe separabilitybetweendifferent classes.This is accomplishecdby QR Decomposition.The
distinct propertyof this stageis its low time and spacecompleity. The secondstageincorporatesoth
between-clasand within-classinformation by applying LDA on the “reduced” scattermatricesresulting

from the ®rst stage.Unlike other LDA-basedalgorithms,IDR/QR doesnot requirethat the whole data



matrix bein mainmemory which allows our algorithmto scaleto very large datasets.Also, our theoretical
analysisindicatesthat the computationatomplity of IDR/QR is linearin the numberof the dataitems
in the training setas well asthe numberof dimensions.More importantly the IDR/QR algorithm can
work incrementallyWhennew dataitemsareinserteddynamically the computationatostof the IDR/QR
algorithmcanbe keptlow by applying ef®cient QR-updatingtechniques.

Finally, we have conductedextensve experimentson several well-known real-world datasets.The
experimentalresultsshowv that the IDR/QR algorithm can be an order of magnitudefasterthan SVD-
or GSVD-basedLDA algorithms,and that the classi®cationerror rate of IDR/QR is very closeto the
bestpossibleone achiared by other LDA-basedalgorithms.Also, in the presenceof dynamicupdating,
IDR/QR can be an order of magnitudefasterthan SVD- or GSVD-based_.DA algorithms,while still
achiezing comparableaccuray.

Overview: The rest of the paperis organized as follows. Section Il introducesrelated work. In
Sectionlll, we review LDA. A batchimplementatiorof the IDR/QR algorithmis presentedn SectionlV.
SectionV describeghe incrementaimplementatiorof the IDR/QR algorithm.A comprehensie empirical
studyof the performancef the proposedalgorithmsis presentedh SectionVI. We concluden SectionVll

with a discussionof future work.

Il. RELATED WORK

Principal ComponentAnalysis (PCA), is one of the standardand well-known methodsfor dimension
reduction[20]. PCA transformsa numberof (possibly) correlatedvariablesinto a (smaller) numberof
uncorrelatedvariablescalled principal componentsThe basicideain PCA is that the ®rst few principal
componentsaccountfor most variances.Becauseof its simplicity and ability to extract highly global
structureof the whole dataset,PCA is widely usedin computervision [32]. Linear DiscriminantAnalysis
(LDA) is anotherwell-knowvn algorithm for dimensionreduction.LDA transformsthe original datato a
low dimensionalspaceby maximizingthe ratio of between-classlistanceto within-classdistancelt has

beenappliedto variousdomainsncludingtext retrieval [5], facerecognition[2], [25], [31], andmicroarray



dataclassi®cation[13].

Most previouswork on PCA andLDA requirethatall thetrainingdatabe availablebeforethe dimension
reductionstep. This is known asthe batch method Thereis somerecentwork in vision and numerical
linear algebraliterature for computing PCA incrementally[6], [17]. Despitethe popularity of LDA in
the vision community thereis little work for computingit incrementally The main dif®culty is the
involvementof the eigervalue problem of the product of scattermatrices,which is hard to maintain
incrementally Although iterative algorithmshave beenproposedor neuralnetwork based.DA [7], [24],
they require time for one stepupdating,where is the dimensionof the data.This costis still too
high, especiallywhenthe datahashigh dimension.

MaximumMargin Criterion (MMC) wasrecentlyproposedn [23] for dimensionreduction.The optimal
transformationis computedby maximizing the sum of all interclassdistancesMMC doesnot involve
the inversion of scatter matricesand thus avoids the singularity problem implicitly. An incremental

implementationof MMC canbe found in [33].

Ill. LINEAR DISCRIMINANT ANALYSIS

For corveniencewe presentin Table| the importantnotationsusedin the paper
This sectiongives a brief review of classicalLDA, aswell asits three extensions:regularized LDA,

PCA+LDA, andLDA/GSVD.

Given a datamatrix IR , we consider®nding a linear transformation IR thatmapseach
column , for , of in the -dimensionalspaceto a vector in the -dimensional
space.

Classical LDA aims to ®nd the transformation  such that class structure of the original high-
dimensionalspaceis presered in the reducedspace Let the datamatrix be partitionedinto classes
as , Where R ,and

Let bethe setof columnindicesthat belongto the th class,i.e., , for , belongsto the th

class.



TABLE |

NOTATIONS

Notations | Descriptions Notations

Descriptions

numberof training datapoints
dimensionof the training data
transformationrmatrix
datamatrix of the -th class
within-classscattermatrix

global centroidof the training set

numberof datapointsin -th class
numberof classes

datamatrix
between-classcattermatrix
centroid matrix

centroidof the -th class

In general,if eachclassis tightly grouped but well-separatedrom the other classesthe quality of the

clusteris consideredo be high. In discriminantanalysistwo scattermatrices,within-classand between-

classscattermatrices,are de®nedto quantify the quality of the cluster asfollows [15]:

where is the centoid of the th classand is the global centioid.

De®nethe matrices

where IR
Thenthe scattermatrices and canbe expresseds

two scattermatricescan be computedasfollows,

trace

trace

IR (1)

R )

, . The tracesof the



Hence,trace measureghe closenesof the vectorswithin classeswhile trace measureghe
separatiorbetweenclasses.
In thelowerdimensionakpaceresultingfrom thelineartransformation , thewithin-classandbetween-

classscattermatricesbecome

An optimal transformation would maximize trace and minimize trace . A commonopti-

mizationin classicalLDA [15] is to compute

arg trace 3)

where is the th column of

The solution to the optimizationin Eq. (3) can be obtainedby solving the eigervalue problem on

, if is non-singularor on , if is non-singular There are at most eigervectors

correspondingo nonzeroeigervalues,sincethe rank of the matrix  is boundedfrom above by
Therefore the reduceddimensionby classicalLDA is at most . A stableway to solwe this eigervalue
problemis to apply SVD on the scattermatrices.Details on this canbe foundin [19], [31].

ClassicalLDA requiresthatoneof the scattemmatricesbe non-singularFor mary applicationsnvolving
undersamplediata,wherethe datadimensionis much greaterthanthe numberof dataitems, suchasin
text and imageretrieval, all scattermatricesare singular ClassicalLDA is thus not applicable.This is
the so-calledsingularity or undesampledproblem.To copewith this probelm,several methodsjncluding
two-stagePCA+LDA, regularizedLDA, and LDA/GSVD have beenproposedn the past.

A commonway to dealwith the singularity problemis to apply an intermediatedimensionreduction
stage,such as PCA, to reducethe dimensionof the original data before classicalLDA is applied.

The algorithmis known as PCA+LDA, or subspacelLDA. In this two-stagePCA+LDA algorithm, the



discriminantstageis precededuy a dimensionreductionstageusing PCA. A limitation of this approach
is that the optimal value of the reduceddimensionfor PCA is dif®cult to determine.

Anothercommonway to dealwith the singularityproblemis to addsomeconstantvalueto the diagonal
elementof | as , for some , Where is anidentity matrix [14]. It is easyto checkthat

is positve de®nite, hencenon-singular This approachis called regularized LDA (RLDA). A
limitation of RLDA is thatthe optimal value of the parameter is dif®cult to determine Cross-alidation
is commonlyappliedfor estimatingthe optimal [22].

The LDA/GSVD algorithmin [18], [34] is a more recentapproach A new criterion for generalized
LDA is presentedin [34]. The inversion of the matrix is avoided by applying the Generalized
Singular Value Decomposition(GSVD). LDA/GSVD computesthe solution exactly without losing arny
information.However, onelimitation of this methodis the high computationatostof GSVD, which limits

its applicability for large datasetssuchasimageandtext data.

IV. BATCH IDR/QR

In this section,we presentthe batch implementationof the IDR/QR algorithm. This algorithm has
two stages.The ®rst stagemaximizesthe separationbetweendifferent classesvia QR Decomposition
[16]. The secondstageaddresseshe issueof minimizing the within-classdistance,while keepinglow
time/spacecompleity. Ignoring the issueof minimizing within-classdistance the ®rst stagecanbe used
independentlyas a dimensionreductionalgorithm.

The ®rst stageof IDR/QR aimsto solve the following optimizationproblem,

arg trace 4)

Notethatthis optimizationonly addressetheissueof maximizingthe between-clasdistanceThe solution
can be obtainedby solving the eigervalue problemon
Theoem4.1: Let be the SVD of , where IR hasorthonormalcolumns,

diag IR is diagonal,and rank . Then solves the optimization problem



in Eq. (4).

Proof: By the propertyof the trace,we have

trace trace trace trace

where the ®rst inequality follows from Lemma7.1 in the Appendix. Thus, the optimizationin (4) is
boundedfrom above by

On the otherhand

trace trace trace

thatis, the upperboundis achieved with . This completeshe proof of the theorem.
[ |
The solution can also be obtainedthroughQR Decompositionon the centroidmatrix , which is the

so-calledOrthogonalCentroid Method (OCM) [27], where

(5)
consistsof the centroids.The resultis summarizedasfollows.
Theoem4.2: Let bethe QR Decompositiorof , where IR hasorthonormalcolumns
and IR is uppertriangular Then
(6)

for any orthogonalmatrix , solvesthe optimizationproblemin Eq. (4).

Proof: It is easyto checkthat , Where IR andthe th columnof is

Let be the QR Decompositiorof . Then

where



For ary  with orthonormalcolumns,it is clearthat

trace trace trace trace trace
wherethe the ®rst inequalityfollows from Lemma7.1in the Appendix. Thustrace is anupperbound
for the optimizationin (4). Next, we shav that the upperboundis achiezed by choosing for

ary orthogonal , asin (6).

By the propertyof the traceandthe factthat hasorthonormalcolumns,we have

trace trace trace trace trace

This completeshe proof of the theorem.
[ |

Note the choiceof orthogonalmatrix  is arbitrary sincetrace trace , for
ary orthogonalmatrix . In the OCM method[27], is setto be the identity matrix for simplicity.

Remark4.1: Note that from Theorem4.1 and Theorem4.2, both the matrix  basedon the eigen-
decompositionof and the matrix  basedon the QR Decompositionof  solve the optimization
problemin Eq. (4). In mostapplicationsthe centroidsin the datasetare linearly independentin this
case,the columndimensionof the matrix  in Theorem4.1is rank , which is oneless
than the column dimensionof the matrix  in Theorem4.2. Experimentsshav that both solutionsare
comparablan termsof classi®cationaccurag. However, the solution basedon QR Decompositionof
is preferred,whenincrementalupdatingis required.This is becauseof the key obsenation that whena
new dataitem is inserted,at mostone column of the centroidmatrix is modi®ed,which leadsto the
ef®cient updatingof the QR Decompositiornof the centroidmatrix. Details can be found in SectionV.

The secondstageof IDR/QR re®nesthe ®rst stageby addressinghe issueof minimizing the within-
classdistancelt incorporateghe within-classscatterinformationby applyinga relaxationschemeon
in Eq. (6) (relaxing  from an orthogonalmatrix to an arbitrary matrix). Note that the tracevaluein Eq.

(3) is the samefor anarbitrarynon-singular ; however the constraintsn Eq. (3) will not be satis®edfor
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arbitrary . In the secondstageof IDR/QR, we look for a transformatiommatrix  suchthat ,
for some . Notethat is not requiredto be orthogonal.The original problemon computing is

equvalentto computing . Since

the original optimizationon ®nding optimal is equivalentto ®nding , with and
as the reducedbetween-classnd within-class scattermatrices,respecirely. Note that  has
much smallersizethanthe original scattermatrix ~ (similarly for ).

The optimal  can be computedef®ciently using mary existing LDA-basedmethods,since we are
dealingwith matrices and of muchsmallersize,i.e., . A key obsenationis thatthe singularity
problemof  will not be assevereasthe original , since  hasmuchsmallersizethan . We can
computeoptimal by simply applying regularizedLDA,; thatis, we compute , by solving a small
eigervalue problemon , for somepositive constant . Extensve experimentsshav thatthe
solutionis insensitve to the choiceof , dueto the smallsizeof . The pseudo-codéor this algorithm

is givenin Algorithm 1.

A. Time and spacecompleity

We closethis sectionby analyzingthe time and spacecomplity of the batchIDR/QR algorithm.

It takes for the formation of the centroid matrix in Line 1. The complity of doing QR
Decompositionin Line 2 is [16]. Lines 3 and 4 take and respectrely for
matrix multiplications. It then takes and for matrix multiplicationsin Lines 5 and 6,
respectrely. Line 7 computesthe eigen-decompositionf a matrix, hencetakes [16]. The
matrix multiplicationin Line 8 takes

Note that the dimension, , andthe number , of pointsare usually much larger thanthe numbey

of classesThus,the mostexpensve step Algorithm 1 is Line 3, which takes time. Therefore,
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Algorithm 1: Batch IDR/QR

Input:  datamatrix ;
Output: optimal transformatiormatrix ;
[* Stagel: */

1. Constructcentroid matrix

2. ComputeQR Decompositionof  as , Where R R
[* Stagell: */
3. ;
4. ;
5. ; I*Reducedwithin-classscattermatrix*/
6. ; I*Reducedbetween-classcattermatrix*/
7. Computethe eigervectors  of with decreasingigervalues;
8. , where
TABLE I

COMPLEXITY COMPARISON: IS THE NUMBER OF TRAINING DATA POINTS, IS THE DIMENSION, AND IS THE NUMBER OF CLASSES.

Methods Time Compleity | SpaceCompleity

IDR/QR

PCA+LDA

LDA/GSVD

OCM

PCA

the time compleity of IDR/QR is linear in the numberof points, linear in the numberof classesand

linear in the dimensionof the dataset.

It is clearthatonly the centroidsarerequiredto residein the mainmemory hencethe spacecompleity
of IDR/QRis . Tablell liststhetime andspacecompleity of severaldimensiornreductionalgorithms
discussedn this paper It is clearfrom the tablethat IDR/QR is is more ef®cient than other LDA-based

methods(except OCM).
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V. INCREMENTAL IDR/QR

The incrementalimplementationof the IDR/QR algorithmis discussedn detail in this section.We
will adoptthe following corvention: For ary variable , its updatedversionafter the insertionof a new
instanceis denotedby . For example,the number , of elementsin the th classwill be changedo

, While centroid  will be changedo

With theinsertionof a new instancethe centroidmatrix and  will changeaccordingly aswell
as and . Theincrementalupdatingin IDR/QR proceedsn threesteps:(1) QR-updatingof centroid
matrix in Line 2 of Algorithm 1; (2) Updatingof reducedwithin-classscattermatrix

in Line 5; and (3) Updatingof reducedbetween-classcattermatrix in Line 6.

Let beanew instancenserted;let belongto the th class.Without lossof generality let us assume
that we have datafrom the 1stto the th class,just before is inserted.In generalithis canbe doneby
switchingthe classlabelsbetweerdifferentclasseslin therestof this section,we considerthe incremental

updatingin IDR/QR in two distinctcases(1l) belongsto an existing class,i.e., ; (2) belongsto

a new class,i.e., . As will be seenlater, the techniquedor thesetwo casesare quite different.

A. Insertion of a new instancefrom an existing class( )

Recallthat we have datafrom the stto th classeswhena new instance is beinginserted.Since
belongsto the th class,with , the insertionof  will not createa new class.In this section,
we shav how to do the incrementalupdatingin threesteps.

1) Step1l: QR-updatingof centioid matrix : Sincethe new instance belongsto the th class,

, Where ——, and . Hence, can be rewritten as
, for , Wwherethe appearsat the th position.

The problem of QR-updatingof the centroid matrix  can be formulated as follows: Given the

QR Decompositionof the centroid matrix , for R , and IR , computethe

QR Decompositionof
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Since , the QR-updatingof the centroidmatrix, , canbe formulatedas a rank-one
QR-updatingHowever, the algorithmin [16] cannotbe directly applied,sinceit requiresthe completeQR
Decompositionj.e., the matrix  is squarewhile in our casewe usethe skinny QR Decompositionj.e.

is rectangularinstead,we apply a small variation of the algorithmin [9] via the following two-stage
QR-updating:(1) A completerank-oneupdatingasin [16] on a small matrix; (2) A QR-updatingby an
insertionof a new row. Details are given below.

Partition into two parts:the projectiononto the orthogonalbasis , andits orthogonalcomplement.
Mathematically can be partitionedinto . It is easyto checkthat

, l.e. is orthogonalto, or lies in the orthogonalcomplementof, the subspace

spannedy the columnsof . It follows that

where : . Next, we shav how to computethe QR Decompositionof
in two stages.The ®rst stageupdatesthe QR Decompositionof . It correspondgo a
rank-oneupdatingand can be done at [16]. This resultsin the updatedQR Decompositionas
, Where , and IR is orthogonal.
Assume . Denote ——. Since is orthogonalto the subspacespannedyy the columnsof
, it is alsoorthogonalo the subspacespannedy the columnsof , L.e. hasorthonormal
columns.

The secondstagecomputesQR-updatingof

which correspondgo the casethat is insertedas a new row. This stagecan be done at
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[16]. The updatedQR Decompositions

where , for someorthogonalmatrix

Combiningboth stageswe have

asthe updatedQR Decompositiorof , assuming Af , then is the updated
QR Decompositionof . Note that can be computedef®ciently as , by doing
matrix-vector multiplication twice. Hence,the total time compleity for the QR-updatingof the centroid

matrix is

2) Step2: Updatingof : Next we considerthe updatingof the reducedwithin-classscattermatrix

(Line 5 of Algorithm 1). Let be its updatedversion.
Note that IR . Its updatedversion differs from in
the th block. Let the th block of be . Thenthe th block of its updatedversion

is

(7)

where , and IR
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The product canbe computedas

(8)
where the third equality follows, since , and
Since , we have
It follows that
9)
where , and . The assumptiorof the approximationin (9) is that the updated with

the insertionof a new instanceis closeto

The computationof and takes time. Thus,the computationfor updating takes
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3) Step3: Updatingof : Finally, let us considerthe updatingof the reducedbetween-classcatter
matrix (Line 6 of Algorithm 1). Its updatedversionis

The key obsenration for ef®cient updatingof is that

canbe rewritten as

where : diag , and
By the updatedQR Decomposition , we have
It is easyto checkthat - , Where . Hence, — - t
follows that
Therefore,it takes time for updating

Overall, the total time for QR-updatingof  and updatingof and with the insertionof a new

instancefrom an existing classis . The pseudo-codés givenin Algorithm 2.

B. Insertion of a new instancefrom a new class( )

Recallthatwe have datafrom the stto th classesypontheinsertionof . Since belongsto thclass,
with , theinsertionof  will resultin a new class.Withoutlossof generality let usassume
Hencethe th centroid . Thenthe updatedcentroid matrix

. In the following, we focuson the casewhen doesnot lie in the spacespannedy the centroids
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Algorithm 2: Updating Existing Class

Input:

Output: updatedmatrix

1.

2.

3.

4,

centroidmatrix

the -th classfor each , anda new point

, for

, its QR Decomposition , the matrix
from the -th class,
, updatedcentroidmatrix , its QR Decomposition

, for each

5. do rank-oneQR-updatingof as ;

10. do QR-updatingof as ;

11.

12.endif

13.

14.

15.

16.

17.

18.

diag

, thesize  of

, andupdatedmatrix ;

1) Step 1: QR-updatingof centoid matrix

Given the QR Decomposition

, it is

straightforvard to computethe QR Decompositionof  as

[16], where

2) Step2: Updatingof : With theinsertionof

is createdwhile , for

from a new class(

keepunchangedlt is easyto checkthat

by the Gram-Schmidtprocedure

, for some . The time complity for this stepis

), the th block

. It follows that
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. Hence

The assumptiorin the above approximationis that  is the dominantpartin

3) Step3: Updatingof : Theupdatingof follows the sameideaasin the previous case.Note that

canbe rewritten as

where the matrix , and is an diagonalmatrix diag — , and
By the updatedQR Decomposition , Wwe have
It is easyto checkthat - , Where . Hence, - -
Then canbe computedby similar agumentsasin the previous case.Therefore, it takes time

for updating
Thus, the time for QR-updatingof = andupdatingof ~ and with the insertionof a new instance

from a new classis . The pseudo-codés givenin Algorithm 3.

C. Main algorithm

With the above two incrementalupdatingschemesthe incrementallDR/QR works as follows: For a

given new instance , determinewhetherit is from an existing classor belongsto a new class.If it is
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Algorithm 3: Updating New Class

Input:  centroidmatrix , its QR Decomposition , thesize of the -thclass
for each , anda new point from the -th class

Output: updatedmatrix , updatedcentroidmatrix , its QR Decomposition , and updatedmatrix

1. , for

2. do QR-updatingof as

3.

4. diag o

from anexisting class,updatethe QR Decompositiorof the centroidmatrix and and by applying
Algorithm 2; otherwiseupdatethe QR Decompositiorof the centroidmatrix and and by applying
Algorithm 3; The aborve procedures repeateduntil all points are consideredWith the ®nal updated
and , we cancomputethe eigervectors of , andassign to .Then
the transformation , assuming Is the updatedQR Decomposition.

The incrementallDR/QR proposedobeys the following generalcriteria for an incrementallearning
algorithm[28]: (1) It is ableto learnnew informationfrom new data;(2) It doesnot requireaccesso the
original data;(3) It preseres previously acquiredknowledge;(4) It is ableto accommodat@en classes

that may be introducedwith new data.

V1. EMPIRICAL EVALUATION

In this section,we evaluateboththe batchversionandthe incrementalersionof the IDR/QR algorithm.
The performancds mainly measuredn termsof the classi®cationerror rate and executiontime. In the
experiment,we appliedthe K-NearestNeighbor(K-NN) method[12] asthe classi®cationalgorithm and

classi®cationaccuraciesare estimatedby 10-fold crossvalidation.



TABLE Il

STATISTICS FOR OUR TEST DATA SETS

20

Dataset of datapoints( ) of dimensiong ) of classeq )
AR 1638 8888 126
ORL 400 10304 40
tr4l 878 7454 10
re0 1504 2886 13

Experimental Platform: All experimentswere performedon a PC with a P4 1.8GHzCPU and 1GB

main memoryrunningthe Linux operatingsystem.

Experimental Data Sets: Our experimentswere performedon the following four real-world datasets,

which are from two different applicationdomains,including face recognitionand text retrieval. Some

characteristicef thesedatasetsare shovn in Tablelll.

1. AR! is a popularfaceimagedataset[26]. The faceimagesin AR containa large areaof occlusion,

dueto the presencef sunglassesandscanes,which leadsto a relatively large within-classvariance

in the dataset.In our experiments,we usea subsetof the AR dataset. This subsetcontains1638

faceimagesof entirefaceidentities(126). The imagesize of this subsetis . We ®rst crop

the imagefrom row 100 to 500, column 200 to 550, and then subsampldghe croppedimagesdown

to a size of

2. ORL? is anothempopularfaceimagedataset,which includes40 faceindividuals,i.e., 40 classesThe

faceimagesin ORL only containposevariation, and are perfectly centralized/localizedThe image

sizeof ORL is

reductionalgorithms.

. All dimensiong10304in number)are usedto testour dimension

3. tr41 documentdatasetis derived from the TREC-5, TREC-6,and TREC-7 collections?.

4. rel documentdata setis derived from Reutes-21578text cateorization test collection Distribu-

http://rvi1.ecn.purdue.edufaleix/aleixface DB.html

2http://www.uk.research.att.corattedatabase.html

Shttp:  trec.nist.ge
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Fig. 1. The effect of regularizationparameter on batchIDR/QR

tion 1.0 4.

Both documentdatasetsare from [35], where a stop-listis usedto remose commonwords, and the
wordsare stemmedusingPorters suf®x-strippingalgorithm[29]. Moreover, ary termthatoccursin fewer
thantwo documentswas eliminated.Finally, the tf-idf weighting scheme[30] is usedfor encodingthe

documentcollectionwith a term-documenmatrix.

A. Theefrect of regularization parameter on batd IDR/QR

In this experiment,we study the effect of the regularizationparameter on IDR/QR. Note that is
usedin the secondstageof IDR/QR asthe regularizationterm (SeeLine 7 of Algorithm 1). The result
is summarizedn Figure 1, wherethe horizontal axis denotesthe value of the regularizationparameter

and the vertical axis denotesthe classi®cationerror rate of batchIDR/QR. 1-NN is usedto compute
the classi®catiorerror rate. It is clearfrom Figure 1 thatthe performanceof batchIDR/QR is insensitve
to the choiceof . Thisis likely dueto the fact that the reducedwithin-classand between-classcatter

matricesin Lines 5 and 6 of Algorithm 1 are of small size ( ). In the following experiment,we

“http:  www.research.att.com lewis
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simply set

B. The performanceof batch IDR/QR

In this experiment,we comparethe performanceof the batchIDR/QR with several other dimension
reduction algorithmsincluding PCA+LDA, LDA/GSVD, OCM, and PCA. Note that IDR/QR applies
regularizationto the reducedwithin-classscattey i.e., . We chose in our experiments,
while it producedgood overall results.

1) Classi cation performance: Figures 2-3 shov the classi®cationerror rates on image and text
documentatasetsrespectrely, using®ve differentdimensiorreductionalgorithms.Themainobsenations

are asfollows:

The mostinterestingresultis from the AR dataset.We canobsene that batchIDR/QR, PCA+LDA
andLDA/GSVD signi®cantlyoutperformothertwo dimensionreductionalgorithms,PCA andOCM,
in terms of the classi®cationerror rate. Recall that the face imagesin the AR dataset containa
large areaof occlusion,which resultsin the large within-classvariancein eachclass.The effort of
minimizing of the within-classvarianceachieses distinct successn this situation.However, neither
PCA nor OCM hasthe effort in minimizing the within-classvariance.This explainswhy they have
a poor classi®cationperformanceon AR.

Another interestingobsenation is that OCM performswell on text datasets. This obsenration is
likely due to the fact that text datasetstend to have relatively small within-classvariances.This
obsenation suggestghat OCM is a good choice in practiceif the datais known to have small

within-classvariances.

2) Efciency in computingthe transformation: Figure 4 shows the executiontime (on a log-scale)of
differenttestedmethodsfor computingthe transformation Even with the log-scalepresentationyve can
still obsene thatthe executiontime for computingthe transformatiorby IDR/QR or OCM is signi®cantly

smallerthanthat by PCA+LDA, LDA/GSVD, and PCA.
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Fig. 2. Comparisonof classi®cationerror rate on imagedatasets:ORL (top) and AR (bottom)

3) The Effect of SmallReducedimension: Here, we evaluatethe effect of small reduceddimension
on the classi®cationerror rate using the AR dataset. Recall that the reduceddimensionby the IDR/QR
algorithmis , where is the numberof classesn the dataset. If the value is large (suchas AR,
which contains126 classes)the reducedrepresentatiormay not be suitablefor ef®cient indexing and
retrieval. Sincethe reduceddimensiondrom IDR/QR areorderedby their discriminantpower (seeLine 7

of Algorithm 1), anintuitive solutionis to choosethe ®rst few dimensionsn the reducedsubspacdrom
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Fig. 3. Comparisonof classi®cationerror rate on text documentdatasets:tr41 (top) and re0 (bottom)

IDR/QR. The experimentalresultsare shavn in Figure 5. As can be seen,the accurag achieed by

keepingthe ®rst 20 dimensionsonly is still suf®ciently high.

C. The Performanceof incrementallDR/QR

In this experiment,we comparethe performanceof incrementalDR/QR with that of batchIDR/QR in
termsof classi®catiorerror rateandthe computationatost. We randomlyorderthe dataitemsin the data

setand inserttheminto the training setone by one incrementallywith the given order The remaining
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Fig. 6. Comparisonof classi®cationerror rate betweenincrementallDR/QR and batchIDR/QR

datais usedasthe test set. Initially, we selectthe ®rst dataitems as the training set. Incremental

updatingis then performedwith the remainingdataitemsinsertedone at a time.

Figure6 shavsthe achiered classi®catioraccuraciebdy batchIDR/QR andincremental DR/QR on four
datasets.In the ®gure, the horizontalaxis shawvs the portion of training dataitems, andthe vertical axis
indicatestheclassi®catiorerrorrate(asa percentage\We obsenre atrendthattheaccurayg increasesvhen
more and more training dataitems are involved. Anotherobsenation is that the accurag by incremental
IDR/QR is quite closeto thatby batchIDR/QR. Indeed,on four datasets,the maximalaccurag deviation

betweenincremental DR/QR andbatchIDR/QR is within 4%. RecallthatincrementalDR/QR is carried
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through QR Decompositionin three steps:(1) QR-updatingof the centroid matrix ; (2) Updating of
the reducedwithin-classscatter ; and (3) Updatingof the reducedbetween-classcatter . The ®rst
andthird stepsare basedon the exact schemewhile the secondstepinvolves approximation.Note that
the main rationalebehind our approximationschemein updating is that the changeof = matrix is
relatively small and canbe neglectedfor eachsingle updating,where is the QR Decomposition
of
To give a concreteideaof the bene®tof usingincrementallDR/QR from the perspectie of ef®ciengy,
we give a comparisonof the compuationalcost betweenbatch IDR/QR and incrementallDR/QR. The
experimentalresultsare givenin Figure 7. As canbe seenthe executiontime of incrementalDR/QR is
signi®cantlysmallerthanthat of batchIDR/QR. Indeed,for a singleupdating,incrementalDR/QR takes
, While batchIDR/QR takes , where is the numberof classesn the currenttraining
setand s the size of the currenttraining set. The time for a single updatingin incrementallDR/QR
is almosta constant , whenall classesappearin the currenttraining set, and the speed-upof
incrementalDR/QR over batchIDR/QR keepsincreasingwhenmore pointsareinsertedinto the training
set. Note that we only countthe time for Lines 1-6in Algorithm 1, sinceeachupdatingin incremental

IDR/QR only involvesthe updatingof the QR DecompositionLine 2),  (Line 5) and (Line 6).

VII. CONCLUSIONS

In this paper we have proposedan LDA-basedincrementaldimensionreduction algorithm, called
IDR/QR, which appliesQR Decompositionratherthan SVD. The IDR/QR algorithm doesnot require
whole datamatrix in main memory This is desirablefor large datasets.More importantly the IDR/QR
algorithm can work incrementally In other words, when nev dataitems are dynamically inserted,the
computationalcost of the IDR/QR algorithm can be kept small by applying ef®cient QR-updating
techniquesln addition,our theoreticalanalysisndicatesthatthe computationatompleity of theIDR/QR
algorithm is linear in the numberof the dataitems in the training data set as well as the numberof

classesandthe numberof dimensionsFinally, our experimentalresultsshov that the accurag achieved
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Fig. 7. Comparisonof computionalcostbetweenincrementallDR/QR and batchIDR/QR.

by the IDR/QR algorithm is very close to the best possibleaccurag achiered by other LDA-based
algorithms. However, the IDR/QR algorithm can be an order of magnitudefaster When dealing with
dynamicupdating,the computationabdwantageof IDR/QR over SVD- or GSVD-based.DA algorithms

becomeanore dramaticwhile still achiezing the comparableaccurag.

As for future researchwe planto investicate the applicationsof the IDR/QR algorithmfor searching

extremely high-dimenionalmultimediadata,suchasvideo.
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APPENDIX
Lemma7.1l: Let IR  be positve semi-de®nite and IR  have orthogonalcolumns,where
. The following inequality holds
trace trace
Proof: Let IR be the matrix suchthat is orthogonal.Thatis,

where IR is the identity matrix.

It follows that

trace trace trace trace trace trace trace
wherethe last inequality follows, since is positive semi-de®nite.This completeshe proof of the

lemma.
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