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Abstract

Dimensionreductionis a critical data preprocessingstep for many databaseand data mining applications,

such as ef�cient storage and retrieval of high-dimensionaldata. In the literature, a well-known dimension

reductionalgorithmis LinearDiscriminantAnalysis(LDA). Thecommonaspectof previouslyproposedLDA-based

algorithmsis the useof SingularValue Decomposition(SVD). Due to the dif�culty of designingan incremental

solution for the eigenvalue problem on the product of scattermatricesin LDA, there has been little work on

designingincrementalLDA algorithmsthat canef�ciently incorporatenew dataitemsasthey becomeavailable.In

this paper, we proposean LDA-basedincrementaldimensionreductionalgorithm,called IDR/QR, which applies

QR DecompositionratherthanSVD. Unlike otherLDA-basedalgorithms,this algorithmdoesnot requirethewhole

datamatrix in main memory. This is desirablefor large datasets.More importantly, with the insertionof new data

items, the IDR/QR algorithm canconstrainthe computationalcost by applyingef�cient QR-updatingtechniques.

Finally, we evaluatethe effectivenessof the IDR/QR algorithmin termsof classi�cationerror rateon the reduced

dimensionalspace.Our experimentson several real-world datasetsreveal that theclassi�cationerror rateachieved

by the IDR/QR algorithmis very closeto thebestpossibleoneachievedby otherLDA-basedalgorithms.However,

the IDR/QR algorithmhasmuchlesscomputationalcost,especiallywhennew dataitemsareinserteddynamically.
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I . INTRODUCTION

The problemof dimensionreductionhasrecentlyreceived broadattentionin areassuchas databases,

datamining, machinelearning,and information retrieval [3], [4], [10], [11], [21]. Ef®cient storageand

retrieval of high-dimensionaldatais oneof thecentralissuesin databaseanddatamining research.In the

literature,many efforts have beenmadeto designmulti-dimensionalindex structures[8], suchas � -trees,

��� -trees, � -trees,SR-tree,etc, for speedingup query processing.However, the effectivenessof queries

usingany indexing schemesdeterioratesrapidly asthedimensionincreases,which is theso-calledcurseof

dimensionality. A standardapproachto overcomethis problemis dimensionreduction,which transforms

the original high-dimensionaldatainto a lower-dimensionalspacewith limited lossof information.Once

thehigh-dimensionaldatais mappedinto a low dimensionalspace,indexing techniquescanbeeffectively

applied to organize this low dimensionalspaceand facilitate ef®cient retrieval of data [21]. A further

advantageof suchdimensionreductionis that it can improve dataquality throughthe removal of noise

[1]. Thus,dimensionreductionis an importantdatapreparationstepfor many datamining anddatabase

applications.

The goal of dimensionreductioncan be either feature transformation,which aims to ®nd a linear

combinationof the original features,or featureselection,which selectsa subsetof featuresfrom the

original features.Thesettingcanbeunsupervisedor supervised,dependingon theavailability of theclass

label. In this paper, we focuson superviseddimensionreductionby applying featuretransformation.

LinearDiscriminantAnalysis(LDA) is awell-known algorithmfor superviseddimensionreduction[12],

[15]. LDA computesa linear transformationby maximizingthe ratio of between-classdistanceto within-

classdistance,therebyachieving maximal discrimination.A key problemwith LDA is that the scatter

matricesusedfor between-classand within-classdistancescan sometimesbecomesingular. In the past,

many LDA extensionshave beendevelopedto dealwith this singularityproblem.Thereare threemajor

extensions:regularizedLDA, PCA+LDA, andLDA/GSVD. Thecommonaspectof thesealgorithmsis the

useof the SingularValueDecomposition(SVD) or GeneralizedSingularValueDecomposition(GSVD).
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ThedifferenceamongtheseLDA extensionsis asfollows: RegularizedLDA [14] increasesthemagnitude

of the diagonalelementsof the scattermatrix by adding a scaledidentity matrix; PCA+LDA [2] ®rst

appliesPrincipal ComponentAnalysis (PCA) on the raw datato get a more compactrepresentationso

that thesingularityof thescattermatricesis decreased;LDA/GSVD [18], [34] solvesa traceoptimization

problemusingGSVD.

The above LDA extensionshave certainlimitations. First, SVD or GSVD requiresthat the whole data

matrix bestoredin mainmemory. This requirementmakesit dif®cult for theseLDA extensionsto scaleto

largedatasets.Also, thecomputationalcostof SVD or GSVD on largedatamatricesis very high andcan

signi®cantlydegradethe performanceof thesealgorithmswhen dealingwith large datasets.Finally, in

many practicalapplications,acquisitionof a representative trainingdatais expensive andtime-consuming.

It is thus commonto have a small chunk of dataavailable over a period of time. In suchsettings,it is

necessaryto develop an algorithmthat canrun in an incrementalfashionto accommodatethe new data.

However, sinceit is dif®cult to designan incrementalsolutionof the eigenvalueproblemon the product

of scattermatricesof large size, little effort hasbeenmadeto designLDA-lik e algorithmsthat can be

updatedincrementallyto incorporatenew dataitemsas they becomeavailable.

The goal of this paperis to designan ef®cient and incrementaldimensionreductionalgorithm while

preservingcompetitive classi®cationperformance.More precisely, whenwe performclassi®cationon the

reduceddimensionaldatageneratedby theproposedalgorithm,theachievedclassi®cationaccuracy should

be comparableto the bestpossibleclassi®cationaccuracy achieved by otherLDA-basedalgorithms.

In this paper, we designan LDA-based,incrementaldimensionreductionalgorithm, called IDR/QR,

which appliesQR DecompositionratherthanSVD or GSVD.Thealgorithmhastwo stages.The®rst stage

maximizesthe separabilitybetweendifferent classes.This is accomplishedby QR Decomposition.The

distinct propertyof this stageis its low time and spacecomplexity. The secondstageincorporatesboth

between-classandwithin-classinformationby applyingLDA on the “reduced”scattermatricesresulting

from the ®rst stage.Unlike other LDA-basedalgorithms,IDR/QR doesnot require that the whole data
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matrixbein mainmemory, whichallows ouralgorithmto scaleto very largedatasets.Also, our theoretical

analysisindicatesthat the computationalcomplexity of IDR/QR is linear in the numberof the dataitems

in the training set as well as the numberof dimensions.More importantly, the IDR/QR algorithm can

work incrementally. Whennew dataitemsareinserteddynamically, thecomputationalcostof theIDR/QR

algorithmcanbe kept low by applyingef®cient QR-updatingtechniques.

Finally, we have conductedextensive experimentson several well-known real-world datasets.The

experimentalresultsshow that the IDR/QR algorithm can be an order of magnitudefasterthan SVD-

or GSVD-basedLDA algorithms,and that the classi®cationerror rate of IDR/QR is very close to the

bestpossibleone achieved by other LDA-basedalgorithms.Also, in the presenceof dynamicupdating,

IDR/QR can be an order of magnitudefasterthan SVD- or GSVD-basedLDA algorithms,while still

achieving comparableaccuracy.

Overview: The rest of the paper is organized as follows. Section II introducesrelated work. In

SectionIII, we review LDA. A batchimplementationof theIDR/QR algorithmis presentedin SectionIV.

SectionV describestheincrementalimplementationof theIDR/QR algorithm.A comprehensive empirical

studyof theperformanceof theproposedalgorithmsis presentedin SectionVI. Weconcludein SectionVII

with a discussionof future work.

I I . RELATED WORK

Principal ComponentAnalysis (PCA), is one of the standardand well-known methodsfor dimension

reduction[20]. PCA transformsa numberof (possibly)correlatedvariablesinto a (smaller)numberof

uncorrelatedvariablescalledprincipal components. The basicidea in PCA is that the ®rst few principal

componentsaccountfor most variances.Becauseof its simplicity and ability to extract highly global

structureof thewholedataset,PCA is widely usedin computervision [32]. LinearDiscriminantAnalysis

(LDA) is anotherwell-known algorithm for dimensionreduction.LDA transformsthe original datato a

low dimensionalspaceby maximizingthe ratio of between-classdistanceto within-classdistance.It has

beenappliedto variousdomainsincludingtext retrieval [5], facerecognition[2], [25], [31], andmicroarray
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dataclassi®cation[13].

Most previouswork onPCA andLDA requirethatall thetrainingdatabeavailablebeforethedimension

reductionstep.This is known as the batch method. Thereis somerecentwork in vision and numerical

linear algebraliterature for computingPCA incrementally[6], [17]. Despitethe popularity of LDA in

the vision community, there is little work for computing it incrementally. The main dif®culty is the

involvementof the eigenvalue problem of the product of scattermatrices,which is hard to maintain

incrementally. Although iterative algorithmshave beenproposedfor neuralnetwork basedLDA [7], [24],

they require ��������� time for onestepupdating,where � is the dimensionof the data.This cost is still too

high, especiallywhen the datahashigh dimension.

MaximumMargin Criterion(MMC) wasrecentlyproposedin [23] for dimensionreduction.Theoptimal

transformationis computedby maximizing the sum of all interclassdistances.MMC doesnot involve

the inversion of scattermatricesand thus avoids the singularity problem implicitly. An incremental

implementationof MMC canbe found in [33].

I I I . L INEAR DISCRIMINANT ANALYSIS

For convenience,we presentin Table I the importantnotationsusedin the paper.

This sectiongives a brief review of classicalLDA, as well as its threeextensions:regularizedLDA,

PCA+LDA, andLDA/GSVD.

Given a datamatrix 	�
 IR��
�� , we consider®nding a linear transformation��
 IR��
�� that mapseach

column ��� , for ��������� , of 	 in the � -dimensionalspaceto a vector ���! ��!"#��� in the $ -dimensional

space.

Classical LDA aims to ®nd the transformation � such that class structure of the original high-

dimensionalspaceis preserved in the reducedspace.Let the datamatrix 	 be partitionedinto % classes

as 	& (')	+*-,.	

�

,-/0/0/1,2	43�5 , where 	768
 IR��
��09 , and :&;

6=<#*

�#6> ?� .

Let @A6 be the set of column indicesthat belongto the B th class,i.e., �C� , for ��
D@A6 , belongsto the B th

class.
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TABLE I

NOTATIONS

Notations Descriptions Notations Descriptions

� numberof training datapoints �

9

numberof datapoints in
�

-th class

�

dimensionof the training data � numberof classes

�

transformationmatrix � datamatrix

�

9

datamatrix of the
�

-th class ��� between-classscattermatrix

�
	 within-classscattermatrix � centroidmatrix

� global centroidof the training set �

9

centroidof the
�

-th class

In general,if eachclassis tightly grouped,but well-separatedfrom the otherclasses,the quality of the

clusteris consideredto be high. In discriminantanalysis,two scattermatrices,within-classandbetween-

classscattermatrices,arede®nedto quantify the quality of the cluster, as follows [15]:


��

 

;

�

6=<#*

�

�����

9

��������� 6 �-��������� 6��

"

,


��

 

;

�

6=<#*

�

�����

9

��� 6���� �-��� 6���� �

"

 

;

�

6=<#*

� 6 ��� 6���� ����� 6���� �

"

,

where � 6 is the centroid of the B th classand � is the global centroid.

De®nethe matrices

�

�

 ')	+*���� *8/
�

"

*

,-/0/0/ ,2	

;

���

;

/
�

"

;

5>
 IR��
��
, (1)

�

�

 '! �1*-��� *���� ��,-/0/0/ ," �

;

�#�

;

��� � 5 
 IR�0


;

, (2)

where � 6> �� � ,-/0/ /1, ���
"


 IR��9 .

Thenthe scattermatrices

$�

and

��

canbe expressedas

$�

 

�

�

�

"

�

,

��

 

�

�

�

"

�

. The tracesof the

two scattermatricescanbe computedas follows,

trace �


$�

�  

;

�

6=<#*

�

���%�

9

&'&

���(��� 6

&'&

�

trace �


��

�  

;

�

6=<#*

�#6

&'&

� 6����

&'&

�%)
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Hence,trace �


$�

� measuresthe closenessof the vectorswithin classes,while trace �


 �

� measuresthe

separationbetweenclasses.

In thelower-dimensionalspaceresultingfrom thelineartransformation� , thewithin-classandbetween-

classscattermatricesbecome




�

�

 � �

"

�

�

��� �

"

�

�

�

"

 &�

"


��

��,




�

�

 � �

"

�

�

�-� �

"

�

�

�

"

 &�

"


��

�

)

An optimal transformation� would maximize trace�




�

�

� and minimize trace�




�

�

� . A commonopti-

mization in classicalLDA [15] is to compute

�  arg �����

�	�

9




	

���

<�
�� � 6�� < �

trace
�

���

"


��

�����

*

� �

"


��

� �	� , (3)

where � 6 is the B th columnof � .

The solution to the optimization in Eq. (3) can be obtainedby solving the eigenvalue problem on




�

*

�


��

, if

��

is non-singular, or on



�

*
�


��

, if

 �

is non-singular. Thereare at most % � � eigenvectors

correspondingto nonzeroeigenvalues,sincethe rank of the matrix

 �

is boundedfrom above by % ��� .

Therefore,the reduceddimensionby classicalLDA is at most %�� � . A stableway to solve this eigenvalue

problemis to apply SVD on the scattermatrices.Detailson this canbe found in [19], [31].

ClassicalLDA requiresthatoneof thescattermatricesbenon-singular. For many applicationsinvolving

undersampleddata,wherethe datadimensionis muchgreaterthan the numberof dataitems,suchas in

text and imageretrieval, all scattermatricesare singular. ClassicalLDA is thus not applicable.This is

theso-calledsingularityor undersampledproblem.To copewith this probelm,severalmethods,including

two-stagePCA+LDA, regularizedLDA, andLDA/GSVD have beenproposedin the past.

A commonway to deal with the singularityproblemis to apply an intermediatedimensionreduction

stage,such as PCA, to reduce the dimensionof the original data before classicalLDA is applied.

The algorithm is known as PCA+LDA, or subspaceLDA. In this two-stagePCA+LDA algorithm, the
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discriminantstageis precededby a dimensionreductionstageusingPCA. A limitation of this approach

is that the optimal valueof the reduceddimensionfor PCA is dif®cult to determine.

Anothercommonway to dealwith thesingularityproblemis to addsomeconstantvalueto thediagonal

elementsof

��

, as

������

@

�

, for some
�����

, where @

�

is an identity matrix [14]. It is easyto checkthat


����	�

@

�

is positive de®nite,hencenon-singular. This approachis called regularizedLDA (RLDA). A

limitation of RLDA is that the optimal valueof the parameter
�

is dif®cult to determine.Cross-validation

is commonlyappliedfor estimatingthe optimal
�

[22].

The LDA/GSVD algorithm in [18], [34] is a more recentapproach.A new criterion for generalized

LDA is presentedin [34]. The inversion of the matrix

 �

is avoided by applying the Generalized

SingularValue Decomposition(GSVD). LDA/GSVD computesthe solution exactly without losing any

information.However, onelimitation of this methodis thehigh computationalcostof GSVD,which limits

its applicability for large datasets,suchas imageand text data.

IV. BATCH IDR/QR

In this section,we presentthe batch implementationof the IDR/QR algorithm. This algorithm has

two stages.The ®rst stagemaximizesthe separationbetweendifferent classesvia QR Decomposition

[16]. The secondstageaddressesthe issueof minimizing the within-classdistance,while keepinglow

time/spacecomplexity. Ignoring the issueof minimizing within-classdistance,the ®rst stagecanbe used

independentlyasa dimensionreductionalgorithm.

The ®rst stageof IDR/QR aimsto solve the following optimizationproblem,

�� arg ��� �




�




< �

trace���

"


��

���

) (4)

Notethatthisoptimizationonly addressestheissueof maximizingthebetween-classdistance.Thesolution

canbe obtainedby solving the eigenvalueproblemon

 �

.

Theorem4.1: Let

 �

 ���
�� " be the SVD of

��

, where � 
 IR� 
�� hasorthonormalcolumns, 
  

diag��� *�,-/0/0/1,��

�

� 
 IR�-
�� is diagonal,and �  rank�


 �

� . Then ���! �� solves the optimizationproblem
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in Eq. (4).

Proof: By the propertyof the trace,we have

trace� �

"


��

� � � trace�


��

�  trace� 
 �

"

�+�  trace� 
��

"

� �  

�

�

6=<#*

� 6 ,

where the ®rst inequality follows from Lemma 7.1 in the Appendix. Thus, the optimization in (4) is

boundedfrom above by :

�

6=<#*

� 6 .

On the otherhand

trace� � �

�

�

"


��

�

�

�  trace� �

"

��
��

"

� �  trace� 
7�  

�

�

6 <#*

� 6 ,

that is, the upperboundis achieved with � �  � . This completesthe proof of the theorem.

The solutioncanalsobe obtainedthroughQR Decompositionon the centroidmatrix
�

, which is the

so-calledOrthogonalCentroidMethod(OCM) [27], where

�

 (' � *-, �

�

, / /0/8, �

;

5 (5)

consistsof the % centroids.The result is summarizedas follows.

Theorem4.2: Let
�

 �� � betheQR Decompositionof
�

, where �(
 IR� 


;

hasorthonormalcolumns

and ��
 IR
;




;

is uppertriangular. Then

�

�

 ���� , (6)

for any orthogonalmatrix � , solves the optimizationproblemin Eq. (4).

Proof: It is easyto checkthat
�

�

 

���

, where
�


 IR
;




;

andthe B th columnof
�

is

 
�#6 �

�

, / /0/1,

�

, � ,

�

,-/0/0/1,

�

�

"

�

 

�#6

�

� �1*-, �

�

,-/0/0/1, �

;

�

"

)

Let
�

 �� � be the QR Decompositionof
�

. Then


��

 

�

�

�

"

�

 

���	�

"

�

"

 �� � �

���

"

�

"

�
�

"

 ����

�

�

"

,

where �

�

 �

�	�

" � " .
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For any � with orthonormalcolumns,it is clear that

trace
�

�

"


��

� � � trace�


��

�  trace
�

���

�

�

"��

 trace
�

�

�

�

"

�

�

 trace
�

�

�

�

,

wherethethe®rst inequalityfollows from Lemma7.1 in theAppendix.Thustrace
�

�

�

� is anupperbound

for the optimizationin (4). Next, we show that the upperboundis achieved by choosing � �  ��� for

any orthogonal� , as in (6).

By the propertyof the traceand the fact that � hasorthonormalcolumns,we have

trace
�

� �

�

�

"


��

�

�

�  trace
�

�

"

�

"

���

�

�

"

���

�

 trace
�

�

"

�

�

�

�

 trace
�

�

�

� �

"��

 trace
�

�

�

� )

This completesthe proof of the theorem.

Note the choiceof orthogonalmatrix � is arbitrary, sincetrace���
"


��

� �  trace� �
"

�
"


��

����� , for

any orthogonalmatrix � . In the OCM method[27], � is set to be the identity matrix for simplicity.

Remark4.1: Note that from Theorem4.1 and Theorem4.2, both the matrix � basedon the eigen-

decompositionof

$�

and the matrix � basedon the QR Decompositionof
�

solve the optimization

problemin Eq. (4). In most applications,the % centroidsin the datasetare linearly independent.In this

case,the columndimensionof the matrix � in Theorem4.1 is �� rank�


 �

�  % � � , which is one less

than the column dimensionof the matrix � in Theorem4.2. Experimentsshow that both solutionsare

comparablein termsof classi®cationaccuracy. However, the solutionbasedon QR Decompositionof
�

is preferred,when incrementalupdatingis required.This is becauseof the key observation that when a

new dataitem is inserted,at most one column of the centroidmatrix
�

is modi®ed,which leadsto the

ef®cient updatingof the QR Decompositionof the centroidmatrix. Detailscanbe found in SectionV.

The secondstageof IDR/QR re®nesthe ®rst stageby addressingthe issueof minimizing the within-

classdistance.It incorporatesthe within-classscatterinformationby applyinga relaxationschemeon �

in Eq. (6) (relaxing � from an orthogonalmatrix to an arbitrarymatrix). Note that the tracevaluein Eq.

(3) is thesamefor anarbitrarynon-singular� ; however theconstraintsin Eq. (3) will not besatis®edfor
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arbitrary � . In the secondstageof IDR/QR, we look for a transformationmatrix � suchthat �  ���� ,

for some � . Note that � is not requiredto be orthogonal.The original problemon computing � is

equivalent to computing � . Since

�

"


��

�� ��

"

� �

"


��

���
� ,

�

"


��

�  ��

"

� �

"


��

��� � ,

the original optimizationon ®nding optimal � is equivalent to ®nding � , with �  �� "


��

� and �  

� "


��

� as the reducedbetween-classand within-classscattermatrices,respectively. Note that � has

muchsmallersize than the original scattermatrix

 �

(similarly for � ).

The optimal � can be computedef®ciently using many existing LDA-basedmethods,sincewe are

dealingwith matrices� and � of muchsmallersize,i.e., %�� % . A key observation is that the singularity

problemof � will not be assevereasthe original

 �

, since � hasmuchsmallersizethan

��

. We can

computeoptimal � by simply applying regularizedLDA; that is, we compute � , by solving a small

eigenvalueproblemon ���

� �

@

;

�

�

*

� , for somepositive constant
�

. Extensive experimentsshow that the

solutionis insensitive to the choiceof
�

, dueto the small sizeof � . The pseudo-codefor this algorithm

is given in Algorithm 1.

A. Time and spacecomplexity

We closethis sectionby analyzingthe time andspacecomplexity of the batchIDR/QR algorithm.

It takes � � � � � for the formation of the centroid matrix
�

in Line 1. The complexity of doing QR

Decompositionin Line 2 is � � %
�

� � [16]. Lines 3 and 4 take ��� � ��% � and � � ��%
�

� respectively for

matrix multiplications. It then takes ����% � � � and � � %��-� for matrix multiplications in Lines 5 and 6,

respectively. Line 7 computesthe eigen-decompositionof a %�� % matrix, hencetakes ����%
�

� [16]. The

matrix multiplication in Line 8 takes � � ��% ��� .

Note that the dimension,� , and the number, � , of points are usuallymuch larger than the number, % ,

of classes.Thus, the most expensive stepAlgorithm 1 is Line 3, which takes ��� �>� %0� time. Therefore,
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Algorithm 1: Batch IDR/QR

Input: datamatrix � ;

Output: optimal transformationmatrix
�

;

/* StageI: */

1. Constructcentroidmatrix � ;

2. ComputeQR Decompositionof � as ���

���

, where
���

IR �	��
 ,
���

IR

��
 ;

/* StageII: */

3. �����

�

	

�

;

4. �����

�

�

�

;

5. �����

�

� ; /*Reducedwithin-classscattermatrix*/

6. �����

�

� ; /*Reducedbetween-classscattermatrix*/

7. Computethe � eigenvectors �

9

of �����! #"




$&%('

� with decreasingeigenvalues;

8.
�

�

�*)

, where
)

��+ �

'-,/.
.0.1,

�




2

.

TABLE II

COMPLEXITY COMPARISON: � IS THE NUMBER OF TRAINING DATA POINTS,
�

IS THE DIMENSION, AND � IS THE NUMBER OF CLASSES.

Methods Time Complexity SpaceComplexity

IDR/QR 34�

�

�

�

$

35�

�

�

$

PCA+LDA 34�

�76

�

$

34�

�

�

$

LDA/GSVD 34�8�

�

� �

$

6

�

$

34�

�

�

$

OCM 34�

�

�

� �

6

�

$

34�

�

�

$

PCA 34�

�76

�

$

34�

�

�

$

the time complexity of IDR/QR is linear in the numberof points, linear in the numberof classes,and

linear in the dimensionof the dataset.

It is clearthatonly the % centroidsarerequiredto residein themainmemory, hencethespacecomplexity

of IDR/QRis ����� %0� . TableII lists thetimeandspacecomplexity of severaldimensionreductionalgorithms

discussedin this paper. It is clear from the table that IDR/QR is is moreef®cient thanotherLDA-based

methods(exceptOCM).
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V. INCREMENTAL IDR/QR

The incrementalimplementationof the IDR/QR algorithm is discussedin detail in this section.We

will adoptthe following convention:For any variable � , its updatedversionafter the insertionof a new

instanceis denotedby �� . For example,the number, � 6 , of elementsin the B th classwill be changedto

�

� 6 , while centroid � 6 will be changedto
�

� 6 .

With theinsertionof a new instance,thecentroidmatrix
�

,
�

�

and
�

�

will changeaccordingly, aswell

as � and � . The incrementalupdatingin IDR/QR proceedsin threesteps:(1) QR-updatingof centroid

matrix
�

 ' � *�,-/0/0/1, � 3A5 in Line 2 of Algorithm 1; (2) Updatingof reducedwithin-classscattermatrix

� in Line 5; and(3) Updatingof reducedbetween-classscattermatrix � in Line 6.

Let � bea new instanceinserted;let � belongto the B th class.Without lossof generality, let usassume

that we have datafrom the 1st to the
�

th class,just before � is inserted.In general,this canbe doneby

switchingtheclasslabelsbetweendifferentclasses.In therestof this section,we considerthe incremental

updatingin IDR/QR in two distinct cases:(1) � belongsto an existing class,i.e., B �

�

; (2) � belongsto

a new class,i.e., B

�
�

. As will be seenlater, the techniquesfor thesetwo casesarequite different.

A. Insertionof a new instancefrom an existing class( B �

�

)

Recall that we have datafrom the � st to
�

th classes,whena new instance� is beinginserted.Since �

belongsto the B th class,with ��� B!�

�

, the insertionof � will not createa new class.In this section,

we show how to do the incrementalupdatingin threesteps.

1) Step1: QR-updatingof centroid matrix
�

: Since the new instance � belongsto the B th class,

�

�

 ' � *�, / /0/1, � 6

���

,-/0/0/1, � 3A5 , where
�

 � ���
9

�

�09

, and
�

�#6  �#6

�

� . Hence, �

�

can be rewritten as

�

�

 

�	�	�

/ � " , for �� (�

�

,-/0/0/1, � ,-/0/ /1,

�

� " , wherethe � appearsat the B th position.

The problem of QR-updatingof the centroid matrix
�

can be formulated as follows: Given the

QR Decompositionof the centroid matrix
�

 � � , for � 
 IR��


3 , and � 
 IR3




3 , computethe

QR Decompositionof �

�

.
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Since �

�

 

� � �

/ � " , the QR-updatingof the centroidmatrix,
�

, can be formulatedas a rank-one

QR-updating.However, thealgorithmin [16] cannotbedirectly applied,sinceit requiresthecompleteQR

Decomposition,i.e., the matrix � is square,while in our case,we usethe skinny QR Decomposition,i.e.

� is rectangular. Instead,we apply a small variationof the algorithm in [9] via the following two-stage

QR-updating:(1) A completerank-oneupdatingas in [16] on a small matrix; (2) A QR-updatingby an

insertionof a new row. Detailsaregiven below.

Partition
�

into two parts:the projectiononto the orthogonalbasis � , and its orthogonalcomplement.

Mathematically,
�

can be partitionedinto
�

 ���+"

� �

��@ � ��� " �

�

. It is easyto check that � "1��@ �

��� " �

�

 

�

, i.e. � @ � ��� " �

�

is orthogonalto, or lies in the orthogonalcomplementof, the subspace

spannedby the columnsof � . It follows that

�

�

 

�	�	�

/ �

"

 � �

�

���

"

�

/ �

"

�

� @ � ���

"

�

�

/ �

"

 � � �

� �

*8/ �

"

�

�	�

�

/ �

"

,

where
�

*� �
"

�

,
�

�

 ��@ � ���
"

�

�

. Next, we show how to computethe QR Decompositionof �

�

in two stages.The ®rst stageupdatesthe QR Decompositionof � � �

� �

* / � ">� . It correspondsto a

rank-oneupdatingand can be done at ���

�

� � [16]. This results in the updatedQR Decompositionas

� � �

� �

*8/ � " �  �� * �+* , where � *  ��

�

* , and
�

* 
 IR3




3 is orthogonal.

Assume
&'&

�

�

&'&��

 

�

. Denote �  �

6

���

�

6

��� . Since � is orthogonalto the subspacespannedby the columnsof

� , it is alsoorthogonalto thesubspacespannedby thecolumnsof � *  ��

�

* , i.e. ' � *�,���5 hasorthonormal

columns.

The secondstagecomputesQR-updatingof

�

�

 (' � *-,���5

��

�

	

� *

&'&

�

�

&'&

� "


��

�




,

which correspondsto the casethat
&'&

�

�

&'&

� " is insertedas a new row. This stagecan be doneat �����

�

�
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[16]. The updatedQR Decompositionis

' � *-,���5

��

�

	

�+*

&'&

�

�

&'&

� "


��

�




 (' ���,

�

��5

��

�

	

��

�


��

�




 �� �� ,

where ' ���,

�

��5  (' � *�,���5

�

�

, for someorthogonalmatrix
�

�

.

Combiningboth stages,we have

�

�

 �� * � *

�

&'&

�

�

&'&

� / �

"

 (' � *�,���5

��

�

	

� *

&'&

�

�

&'&

� "


 �

�




 �� ��

asthe updatedQR Decompositionof �

�

, assuming
&'&

�

�

&'& �

 

�

. If
&'&

�

�

&'&

 

�

, then �

�

 �� * � * is the updated

QR Decompositionof �

�

. Note that
�

�

can be computedef®ciently as
�

�

 

�

��� � � � "

�

�.� , by doing

matrix-vectormultiplication twice. Hence,the total time complexity for the QR-updatingof the centroid

matrix
�

is �����

�

� .

2) Step2: Updatingof � : Next we considerthe updatingof the reducedwithin-classscattermatrix

�  �� "

�

�

�

"

�

� (Line 5 of Algorithm 1). Let ��  �� " �

�

�

�

�

"

�

�� be its updatedversion.

Note that
�

�

 ')	+* � � * /%�-"

*

,-/0/0/ ,2	43(� � 3 /%�-"

3

5 
 IR��
�� . Its updatedversion �

�

�

differs from
�

�

in

the B th block. Let the B th block of
�

�

be
�

6  	76�� � 6 /��
"

6

. Then the B th block of its updatedversion

�

�

�

is

�

�

6  �	76��

�

� 6 /

�

�

"

6

 (')	76 ,

�

5 �

�

� 6 /

�

�

"

6

 ')	76$��� 6 /
�

"

6

,

�

��� 6 5 ���

�

� 6���� 6 �1/

�

�

"

6

 '

�

6 ,

�

5 ����/

�

�

"

6

, (7)

where �

 

�

��� 6 , �� 

�

� 6���� 6 and
�

� 6> 

�
�

�

	

�-6

�



�

�





 IR��9

�

* .
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The product �

�

6 �

�

"

6

canbe computedas

�

�

6 �

�

"

6

 �2'

�

6 ,

�

5 ����/

�

�

"

6

���2'

�

6 ,

�

5 ����/

�

�

"

6

�

"

 '

�

6 ,

�

5

��

�

	

�

"

6

�

"


��

�




� � /

�

�

"

6

��

�

	

�

"

6

�

"


��

�




� '

�

6 ,

�

5

�

�-6#/ �

"

�

� ��/

�

�

"

6

�-�

�

�-6 / �

"

�

 

�

6

�

"

6

�

�

/

�

"

� � /

�

"

�

�

/ �

"

�

� � 6

�

��� ��/ �

"

 

�

6

�

"

6

�

�

�

��� �8/ �

�

��� �

"

�

� 6 ��/ �

"

, (8)

where the third equality follows, since �

�

6 ,

�

�

�

�-6  
:

���%�

9

����� � � 6 �

�

�

 

� , and � � /

�

� "

6

���

�

�-6 / � " �  

� � "8�

�

�-"

6

/

�

�-6 �  �� �#6

�

��� � � " .

Since
�

�

�

"

�

 
:

3

� <#*

�

�

�

"

�

, we have

�

�

�

�

�

"

�

 

3

�

� <#*

�

�

� �

�

"

�

 

�

*

�

�

�

3 � � �< 6

�

�

� �

�

"

�

�

�

�

6 �

�

"

6

 

3

�

� <#*

�

�

�

"

�

�

�

�

��� �8/��

�

��� �

"

�

�#6 � / �

" )

It follows that

��  ��

"

�

�

�

�

�

"

�

��

 ��

"

�

�

�

"

�

��

�

��

"

�

�

��� �8/��

�

��� �

"

��

�

�#6 ��

"

� / �

"

��

 ��

"

�

�

�

"

�

��

�

�

�

�

�

�

� �1/ �

�

�

�

�

� �

"

�

� 6

�

��/

�

�

"

�

�

�

�

�

"

�

�

�

�

�

�

�

�

� �1/��

�

�

�

�

� �

"

�

� 6

�

��/

�

�

"

 �

�

�

�

�

�

�

� �1/ �

�

�

�

�

� �

"

�

� 6

�

� /

�

�

"

, (9)

where
�

�

 ��
"

� , and
�

�  ��
"

� . The assumptionof the approximationin (9) is that the updated �� with

the insertionof a new instanceis closeto � .

The computationof
�

� and
�

� takes �����

�

� time. Thus,the computationfor updating � takes �����

�

� .
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3) Step3: Updating of � : Finally, let us considerthe updatingof the reducedbetween-classscatter

matrix �( �� "

�

�

�

"

�

� (Line 6 of Algorithm 1). Its updatedversionis �� �� " �

�

�

�

�

"

�

�� .

The key observation for ef®cient updatingof � is that

�

�

�

 ('

�

�

�1* �

�

� * �

�

� ��,-/0/0/ ,

�

�

� 3 �

�

� 3(�

�

� � 5

canbe rewritten as

�

�

�

 ('

�

� *-,

�

�

�

,-/0/0/1,

�

� 3 ,

�

� 5��  (' �

�

,

�

��5�� ,

where �  

��

�

	

�

���
"


 �

�




,
�

 diag�

 

�

�1*�,-/0/0/1,

 

�

�>30� , and �  ('

 

�

�1*�,-/0/0/1,

 

�

�>3A5 " .

By the updatedQR Decomposition �

�

 �� �� , we have

��

"

�

�

�

 (' ��

"

�

�

, ��

"

�

� 5��� (' �� , ��

"

�

� 5��� ��

�

� ��

"

�

� /��

" )

It is easyto checkthat
�

�  

*

�

�

�

�

/�� , where �� �

�

�1*�,-/0/0/1,

�

�>3��

" . Hence, �� "

�

�  �� "

*

�

�

�

�

/��� 

*

�

�

�� /�� . It

follows that

��  ��

"

�

�

�

�

�

"

�

��� �� ��

�

� ��

"

�

� /	�

"

�1/�� ��

�

� ��

"

�

� /��

"

�

"

 
 ��

�

��


�

�

�

��?/���
?/��

"


�
 ��

�

��


�

�

�

�� /��	
 /��

"




"

)

Therefore,it takes � �

�

�-� time for updating � .

Overall, the total time for QR-updatingof
�

and updatingof � and � with the insertionof a new

instancefrom an existing classis �����

�
�

�

�-� . The pseudo-codeis given in Algorithm 2.

B. Insertionof a new instancefrom a new class( B

�
�

)

Recallthatwe have datafrom the � st to
�

th classes,upontheinsertionof � . Since � belongsto B th class,

with B

�
�

, the insertionof � will resultin a new class.Without lossof generality, let usassumeB  

�
�

� .

Hencethe �

�
�

��� th centroid
�

� 3

�

*4 

� . Then the updatedcentroidmatrix �

�

 ' � *A, �

�

,-/0/ /8, � 3 ,

�

5  

'

�

,

�

5 . In the following, we focuson thecasewhen � doesnot lie in thespacespannedby the
�

centroids

�

� 6��

3

6=<#*

.
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Algorithm 2: Updating Existing Class

Input: centroidmatrix ����+

�

'0,

�

6

,
.
.
.#,

���

2

, its QR Decomposition���

���

, the matrix � , the size �

� of

the
�

-th classfor each
�

, anda new point � from the
�

-th class,
�����

Output: updatedmatrix �� , updatedcentroidmatrix �� , its QR Decomposition �� �	�

�

�

�

, andupdatedmatrix �� ;

1.
�

�

�

�

�

� , for
��


�

�

;
�

�

9

�

�

9

�
� ; � ���

%����

�

�

� ;

2.
�

�

9

�

�

9

��� ;
�

�

�

�

�

� , for each
��


�

�

;

3. ���� +

�

�

'0,
.
.
.(,

�

�

9

,
.
.
.(,

�

���

2

;

4. �

'

�

�

�

� ; �

6

��� "��

�*�

�

$

� ;

5. do rank-oneQR-updatingof
�

�

�

���

' .��

�

$

as
�

�

�

���

' .��

�

$

�

�

'

�

' ;

6. if ��� �

6

���	� �

7. �

�

�

�

' ; �

�

�

�

' ;

8. else

9. !*� "�#

%%$&$('%)+*

, ,

"�#

%%$($

'

)+*

, , ; �

� �-�

,
.
.
.#,

�

,/.
.
.#,

�

$

� ;

10. do QR-updatingof +

�

'0,

!

2

./

/

0

�

'

��� �

6

���

�

�

132

2

4

as +

�

'-,

!

2

./

/

0

�

'

�5� �

6

���

�

�

132

2

4

�

�

6

�

6

;

11. �

�

�

�

6

; �

�

�

�

6

;

12.endif

13. 6 �7�8�

�

9

; 94�

�

�

9

�

�

9

;

14.
�

6 �:�

�

�

6 ;
�

95�;�

�

�

9 ;

15. �
� �������

�

6<�

�

9

$

�

�

6<�

�

9

$

�

�

�

9

�

9

�

9

� ;

16. = � diag�?>

�

�

'0,0./.
.(,

>

�

�@�

$

; A ��+ >

�

�

'0,
.
.
.#,

>

�

�@�

2

� ;

17. B � �

�

�

'0,
.
./.(,

�

�@�

$

� ;
�

B*�

'

�

�

�

�

.

B ;

18. ���� �%�

�

=C�

�

B

.

A

�

$

�%�

�

=C�

�

B

.

A

�

$

� ;

1) Step 1: QR-updating of centroid matrix
�

: Given the QR Decomposition
�

 � � , it is

straightforward to computethe QR Decompositionof �

�

as �

�

 �� �� by the Gram-Schmidtprocedure

[16], where ��� ' ��,���5 , for some � . The time complexity for this stepis �����

�

� .

2) Step2: Updatingof � : With the insertionof � from a new class(
�

�

� ), the �

�
�

��� th block �

�

3

�

*

is created,while
�

� , for �  �� ,-/0/0/ ,

�

keepunchanged.It is easyto checkthat �

�

3

�

*  

�

. It follows that
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�

�

�

�

�

"

�

 

�

�

�

"

�

. Hence

��  ��

"

�

�

�

�

�

"

�

��� ��

"

�

�

�

"

�

��� (' ��,���5

"

�

�

�

"

�

' ��,���5

�

��

�

	

� "

�

�

�

"

�

�

�

� �


��

�




 

��

�

	

�

�

� �


��

�




)

The assumptionin the above approximationis that � is the dominantpart in �� .

3) Step3: Updatingof � : The updatingof � follows the sameideaasin the previous case.Note that

�

�

�

 ('

�

�

�1*-�

�

� *��

�

� ��,-/0/0/ ,

�

�

� 3

�

* �

�

� 3

�

* �

�

� � 5

canbe rewritten as

�

�

�

 ('

�

� *-,

�

�

�

,-/0/0/ ,

�

� 3

�

*-,

�

��5�� ,

wherethe matrix �  

�
�

�

	

�

���
"



�

�




, and
�

is an diagonalmatrix
�

 diag�

 

� *-,-/0/0/ ,

 

� 3

�

*.� , and �  

'

 

� *-,-/0/0/1,

 

� 3

�

* 5 " .

By the updatedQR Decomposition �

�

 �� �� , we have

��

"

�

�

�

 ��

"

' �

�

,

�

��5��� (' ��

"

�

�

, ��

"

�

� 5��

 ' �� , ��

"

�

� 5��  ��

�

� ��

"

�

� /��

" )

It is easyto checkthat
�

�  

*

�

�

�

�

/ � , where �  ��

�

�1*-, / /0/1,

�

�>3

�

*2�

" . Hence, �� "

�

�  �� "

*

�

�

�

�

/��� 

*

�

�

�� / � .

Then �� canbe computedby similar argumentsas in the previous case.Therefore,it takes � �

�

��� time

for updating � .

Thus, the time for QR-updatingof
�

and updatingof � and � with the insertionof a new instance

from a new classis �����

�
�

�

��� . The pseudo-codeis given in Algorithm 3.

C. Main algorithm

With the above two incrementalupdatingschemes,the incrementalIDR/QR works as follows: For a

given new instance� , determinewhetherit is from an existing classor belongsto a new class.If it is
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Algorithm 3: Updating New Class

Input: centroidmatrix � ��+

�

'0,

�

6

,0.
./.(,

���

2

, its QR Decomposition� �

� �

, the size �

� of the
�

-th class

for each
�

, anda new point � from the �

�

�
�

$

-th class

Output: updatedmatrix �� , updatedcentroidmatrix �� , its QR Decomposition ���� �

�

�

�

, andupdatedmatrix �� ;

1.
�

�

�

�

�

� , for
�

� �

,
.
.
.#,

�

;
�

�@�

�

'

� � ;
�

�

�

�

�
� ;

2. do QR-updatingof �����+ �

,

�

2

as ���� �

�

�

�

;

3. ����

./

/

0

� �

� �

132

2

4

;

4. = � diag
�

>

�

�

'0,
.
.
.#,

>

�

�@�

�

'�� ; A �

�

>

�

�

'0,
.
.
.#,

>

�

�@�

�

'��

�

;

5. B � �

�

�

'-,
.
.
.#,

�

� �

�

'

$

� ;
�

B �

'

�

�

�

�

B ;

6. ���� � �

�

=C�

�

B

.

A

�

$

� �

�

=C�

�
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�
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from anexisting class,updatetheQR Decompositionof thecentroidmatrix
�

and � and � by applying

Algorithm 2; otherwiseupdatetheQR Decompositionof thecentroidmatrix
�

and � and � by applying

Algorithm 3; The above procedureis repeateduntil all pointsareconsidered.With the ®nal updated ��

and �� , we cancomputethe % eigenvectors
���

6��

;

6=<#*

of � ��

���

@

;

�

�

*

�� , andassign '

�

*�,-/0/0/1,

�

;

5 to � . Then

the transformation�� ���� , assuming �

�

 �� �� is the updatedQR Decomposition.

The incrementalIDR/QR proposedobeys the following generalcriteria for an incrementallearning

algorithm[28]: (1) It is ableto learnnew informationfrom new data;(2) It doesnot requireaccessto the

original data;(3) It preservespreviously acquiredknowledge;(4) It is able to accommodatenew classes

that may be introducedwith new data.

VI . EMPIRICAL EVALUATION

In this section,we evaluateboththebatchversionandtheincrementalversionof theIDR/QR algorithm.

The performanceis mainly measuredin termsof the classi®cationerror rate and executiontime. In the

experiment,we appliedthe K-NearestNeighbor(K-NN) method[12] as the classi®cationalgorithmand

classi®cationaccuraciesareestimatedby 10-fold crossvalidation.
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TABLE III

STATISTICS FOR OUR TEST DATA SETS

Dataset � of datapoints ( � ) � of dimensions(
�

) � of classes( � )

AR 1638 8888 126

ORL 400 10304 40

tr41 878 7454 10

re0 1504 2886 13

Experimental Platform: All experimentswereperformedon a PC with a P4 1.8GHzCPU and1GB

main memoryrunning the Linux operatingsystem.

Experimental Data Sets:Our experimentswereperformedon the following four real-world datasets,

which are from two different applicationdomains,including face recognitionand text retrieval. Some

characteristicsof thesedatasetsareshown in Table III.

1. AR1 is a popularfaceimagedataset[26]. The faceimagesin AR containa large areaof occlusion,

dueto thepresenceof sunglassesandscarves,which leadsto a relatively largewithin-classvariance

in the dataset. In our experiments,we usea subsetof the AR dataset.This subsetcontains1638

faceimagesof entire faceidentities(126). The imagesizeof this subsetis ����� �����	� . We ®rst crop

the imagefrom row 100 to 500, column200 to 550, and thensubsamplethe croppedimagesdown

to a sizeof �

�

� �
���  �������� .

2. ORL2 is anotherpopularfaceimagedataset,which includes40 faceindividuals,i.e., 40 classes.The

faceimagesin ORL only containposevariation,andareperfectlycentralized/localized.The image

sizeof ORL is 
�� � � ���  �

��� ���

. All dimensions(10304in number)areusedto testour dimension

reductionalgorithms.

3. tr41 documentdataset is derived from the TREC-5,TREC-6,andTREC-7collections3.

4. re1 documentdata set is derived from Reuters-21578text categorization test collection Distribu-

1http://rvl1.ecn.purdue.edu/� aleix/aleixfaceDB.html
2http://www.uk.research.att.com/facedatabase.html
3http:��� trec.nist.gov
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Fig. 1. The effect of regularizationparameter on batchIDR/QR

tion 1.0 4.

Both documentdatasetsare from [35], wherea stop-list is usedto remove commonwords, and the

wordsarestemmedusingPorter's suf®x-strippingalgorithm[29]. Moreover, any termthatoccursin fewer

than two documentswas eliminated.Finally, the tf-idf weighting scheme[30] is usedfor encodingthe

documentcollectionwith a term-documentmatrix.

A. Theeffect of regularizationparameter
�

on batch IDR/QR

In this experiment,we study the effect of the regularizationparameter
�

on IDR/QR. Note that
�

is

usedin the secondstageof IDR/QR as the regularizationterm (SeeLine 7 of Algorithm 1). The result

is summarizedin Figure 1, wherethe horizontalaxis denotesthe value of the regularizationparameter

�

and the vertical axis denotesthe classi®cationerror rate of batchIDR/QR. 1-NN is usedto compute

the classi®cationerror rate.It is clearfrom Figure1 that the performanceof batchIDR/QR is insensitive

to the choiceof
�

. This is likely due to the fact that the reducedwithin-classand between-classscatter

matricesin Lines 5 and 6 of Algorithm 1 are of small size (
�

�

�

). In the following experiment,we
4http:��� www.research.att.com��� lewis
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simply set
�

 

�

)

� .

B. Theperformanceof batch IDR/QR

In this experiment,we comparethe performanceof the batch IDR/QR with several other dimension

reductionalgorithms including PCA+LDA, LDA/GSVD, OCM, and PCA. Note that IDR/QR applies

regularizationto the reducedwithin-classscatter, i.e., �

� �

@

;

. We chose
�

 

�

)

� in our experiments,

while it producedgoodoverall results.

1) Classi�cation performance: Figures 2-3 show the classi®cationerror rates on image and text

documentdatasetsrespectively, using®vedifferentdimensionreductionalgorithms.Themainobservations

areas follows:

� The most interestingresult is from the AR dataset.We canobserve that batchIDR/QR, PCA+LDA

andLDA/GSVD signi®cantlyoutperformothertwo dimensionreductionalgorithms,PCA andOCM,

in terms of the classi®cationerror rate. Recall that the face imagesin the AR data set contain a

large areaof occlusion,which resultsin the large within-classvariancein eachclass.The effort of

minimizing of the within-classvarianceachieves distinct successin this situation.However, neither

PCA nor OCM hasthe effort in minimizing the within-classvariance.This explainswhy they have

a poor classi®cationperformanceon AR.

� Another interestingobservation is that OCM performswell on text data sets.This observation is

likely due to the fact that text data setstend to have relatively small within-classvariances.This

observation suggeststhat OCM is a good choice in practice if the data is known to have small

within-classvariances.

2) Ef�ciency in computingthe transformation:Figure4 shows the executiontime (on a log-scale)of

different testedmethodsfor computingthe transformation.Even with the log-scalepresentation,we can

still observe that theexecutiontime for computingthe transformationby IDR/QR or OCM is signi®cantly

smallerthan that by PCA+LDA, LDA/GSVD, andPCA.
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Fig. 2. Comparisonof classi®cationerror rateon imagedatasets:ORL (top) andAR (bottom)

3) TheEffect of SmallReducedDimension: Here,we evaluatethe effect of small reduceddimension

on the classi®cationerror rateusing the AR dataset.Recall that the reduceddimensionby the IDR/QR

algorithm is % , where % is the numberof classesin the data set. If the value % is large (such as AR,

which contains126 classes),the reducedrepresentationmay not be suitablefor ef®cient indexing and

retrieval. Sincethereduceddimensionsfrom IDR/QR areorderedby their discriminantpower (seeLine 7

of Algorithm 1), an intuitive solutionis to choosethe ®rst few dimensionsin the reducedsubspacefrom
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IDR/QR. The experimentalresultsare shown in Figure 5. As can be seen,the accuracy achieved by

keepingthe ®rst 20 dimensionsonly is still suf®ciently high.

C. ThePerformanceof incrementalIDR/QR

In this experiment,we comparethe performanceof incrementalIDR/QR with that of batchIDR/QR in

termsof classi®cationerror rateandthecomputationalcost.We randomlyorderthedataitemsin thedata

set and insert them into the training set one by one incrementallywith the given order. The remaining
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Fig. 6. Comparisonof classi®cationerror ratebetweenincrementalIDR/QR andbatchIDR/QR

data is usedas the test set. Initially, we selectthe ®rst
� ���

data items as the training set. Incremental

updatingis thenperformedwith the remainingdataitems insertedoneat a time.

Figure6 shows theachievedclassi®cationaccuraciesby batchIDR/QR andincrementalIDR/QR on four

datasets.In the ®gure, the horizontalaxis shows the portion of training dataitems,andthe vertical axis

indicatestheclassi®cationerrorrate(asa percentage).We observea trendthattheaccuracy increaseswhen

moreandmoretraining dataitemsare involved.Anotherobservation is that the accuracy by incremental

IDR/QR is quitecloseto thatby batchIDR/QR. Indeed,on four datasets,themaximalaccuracy deviation

betweenincrementalIDR/QR andbatchIDR/QR is within 4%. Recallthat incrementalIDR/QR is carried
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throughQR Decompositionin threesteps:(1) QR-updatingof the centroidmatrix
�

; (2) Updatingof

the reducedwithin-classscatter � ; and (3) Updatingof the reducedbetween-classscatter � . The ®rst

and third stepsare basedon the exact scheme,while the secondstepinvolves approximation.Note that

the main rationalebehindour approximationschemein updating � is that the changeof � matrix is

relatively small andcanbe neglectedfor eachsingleupdating,where
�

 �� � is the QR Decomposition

of
�

.

To give a concreteideaof the bene®tof usingincrementalIDR/QR from the perspective of ef®ciency,

we give a comparisonof the compuationalcost betweenbatch IDR/QR and incrementalIDR/QR. The

experimentalresultsaregiven in Figure7. As canbe seen,the executiontime of incrementalIDR/QR is

signi®cantlysmallerthanthat of batchIDR/QR. Indeed,for a singleupdating,incrementalIDR/QR takes

�����

�
�

�

��� , while batchIDR/QR takes ��� � �

�

� , where
�

is the numberof classesin the currenttraining

set and � is the size of the current training set.The time for a single updatingin incrementalIDR/QR

is almosta constant� � ��%

�

%��-� , whenall classesappearin the currenttraining set,and the speed-upof

incrementalIDR/QR over batchIDR/QR keepsincreasingwhenmorepointsareinsertedinto the training

set.Note that we only count the time for Lines 1–6 in Algorithm 1, sinceeachupdatingin incremental

IDR/QR only involves the updatingof the QR Decomposition(Line 2), � (Line 5) and � (Line 6).

VI I . CONCLUSIONS

In this paper, we have proposedan LDA-basedincrementaldimensionreduction algorithm, called

IDR/QR, which appliesQR Decompositionrather than SVD. The IDR/QR algorithm doesnot require

whole datamatrix in main memory. This is desirablefor large datasets.More importantly, the IDR/QR

algorithm can work incrementally. In other words, when new data items are dynamically inserted,the

computationalcost of the IDR/QR algorithm can be kept small by applying ef®cient QR-updating

techniques.In addition,our theoreticalanalysisindicatesthatthecomputationalcomplexity of theIDR/QR

algorithm is linear in the numberof the data items in the training data set as well as the numberof

classesandthe numberof dimensions.Finally, our experimentalresultsshow that the accuracy achieved
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Fig. 7. Comparisonof computionalcostbetweenincrementalIDR/QR andbatchIDR/QR.

by the IDR/QR algorithm is very close to the best possibleaccuracy achieved by other LDA-based

algorithms.However, the IDR/QR algorithm can be an order of magnitudefaster. When dealing with

dynamicupdating,the computationaladvantageof IDR/QR over SVD- or GSVD-basedLDA algorithms

becomesmoredramaticwhile still achieving the comparableaccuracy.

As for future research,we plan to investigate the applicationsof the IDR/QR algorithmfor searching

extremelyhigh-dimenionalmultimediadata,suchasvideo.
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APPENDIX

Lemma7.1: Let 	�
 IR� 
�� be positive semi-de®nite,and � 
 IR� 
�� have orthogonalcolumns,where

����� . The following inequalityholds

trace���

"

	!��� � trace��	 �

)

Proof: Let ���
 IR� 
�� �
�

�

�

be the matrix suchthat ' � , �� 5 is orthogonal.That is,

' � , �� 5 / ' � , �� 5

"

 &� �

"

�

�� ��

"

 �@

�

,

where @

�


 IR� 
�� is the identity matrix.

It follows that

trace� �

"

	!���  trace��	!� �

"

�  trace��	 � � trace��	
�

�
�

�

"

�  trace��	 � � trace�
�

�

"

	
�

� � � trace��	 ��,

wherethe last inequality follows, since �
�

"
	

�
� is positive semi-de®nite.This completesthe proof of the

lemma.
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