Math 5652: Introduction to Stochastic Processes: Fall 2014
Appendix A. Generating functions

Let X be a random variable with values in R!. The generating, or probability generating function
of X is defined as ¢(t) = ¢x(t) = E(t*). If X has discrete distribution with p, = P(X = k),
k=0,1,2,..., then

o™ (0)

P(t) = Zpktk for |t| <1, and pg= u

k=0

In this case, we also have
o) =1, PO =B(X(X-1)--(X-k-1) for k=1,2,....

The moment generating function of X is ¢(t) = ¢x(t) = E(e") = ¢(e’). If it is defined in a
neighborhood of the point ¢ = 0, then the & moment of X,

E(XF) =¢o®0), k=1,2,....
In this case, we also have
E(X)=14'(0), Var(X)=14"(0), where (t) = Inp(t).
Note that if X7, Xo,..., X, are independent, and X = X7 + Xo + --- 4+ X,,, then

OX = QX1 PXy - PXn) Yx =vx, +¥x, +.. FYx,.

1. X = Binomial (n,p) withn=1,2,...; 0<p<1.

k
p1(t) = EtX) = (pt+ )", o1(t) = E(etX) = (pet + q)n, = E(X)=np, oF=Var(X)=npq.

fl(k:):P(X:k):<n>pkq"_r for k=0,1,...,n; where ¢g=1-—p;

2. X = Poisson (\) with A > 0.
k

A
fg(k):P(X:k)ze*Nﬁ for k=0,1,2...;

b1(t) = E(t*) = exp (At =1)), ea2(t) = E(etX) =exp (A" = 1)), pp=E(X) =), 02 = Var (X) = \.

3. X = Negative Binomial (7, p) - the number of trials with probability of success p until rth success.
Y = X —r = Shifted Negative Binomial (r, p) - the number of failures before 7" success. We have

k—1
P(X =k)= <r_1>pqur for k=r,r+1,...;

O N
P(Y:j):P(X:T+J):<T—:il )p’”qb(”j. )W for j=0,1,2,....

Note that by Taylor’s formula, for a € R! and |t| < 1,

e (k) e a a/ a a_ ... a_
g(t):(1+t)a:1—|—zg kl(O) -tkzl—i—z <k> ¥, where <k;> = (a=1) k‘( k+1).
k=1




If @ = n is a natural number, then this equality is reduced to the binomial formula (for all t € R!):

gt)=(1+t)" =1 +§ (Z) t5,  where <Z> - k'(n”lk)'

Substituting t = —¢ and @ = —r, we get

1 = 7"(1_ )—r: r.<1+£ +7’(T—|—1) 2+,._)_iP(Y_')
=0

Note that the above distributions are well defined for all » € R!. correspondingly,

i (T +‘; - 1>pr(tq)j = (ﬂqt)r;

Jj=0

$(t)=E{t")=> Py =j)=
§=0

W(t):E(etY):( P ) @X(t):E(etX):etrE(etY):< P )

1—gqget et—gq
r r
pr=BY) =1 px = BX) = py +r=". 0% = Var (X) = Var (V) = ;3-
3a. Geometric (p) = Negative Binomial (1, p).
4. X = Gamma (o, \), where a > 0, A > 0, if it has density

2 e for x>0, and fy(z)=0 otherwise.

Here T'(a) denotes the Gamma function:
o0
INa) = /avo‘_le—x dz,
0

which satisfies the properties
I(a+1)=al(a), T(n+1)=nl, T(1/2)=+7.
We have

cp4(t):E(etX):<)\)_\t>7 M4=E(X)=§, GEZVar(X)Zﬁ.

4a. Exponential (\) = Gamma (1, \).

5. X = Normal (u,0?) is related to Y = Standard Normal = Normal (0,1) by the formula
X =p+0-Y. The corresponding densities

1 2 1 - 1 — )2
fY(y): \/ﬂeiy /2> fX(x):;fY<xo_,u> :O_mexp[_(xo.;t)}'
We have
ey (t) = B(e) =2 px(t) = B(e™) = exp (tu + t2§2>

py =EY)=0, ot =Var(Y)=1;, jux=EX)=pu, o%=Var(X)=o2



