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Abstract

In this paper, we addressthe problem of consistency
checking for Euclideanspatial constraints. A dimension
graphrepresentationis proposedto maintaintheEuclidean
spatial constraints amongobjects. The basic idea is to
projectthespatialconstraintson bothX andY dimensions,
andto constructa dimensiongraphoneach dimension.Us-
ing a dimensiongraphrepresentationtransformstheprob-
lem of consistencychecking into the problemof graph cy-
cle detection. Consistencychecking can be achievedwith
O(N+E) time as well as spacecomplexity, where N is the
numberof spatial objects,and E is the numberof spa-
tial predicatesin the constraint. The proposedapproach
is faster than

�������	�

when the numberof predicatesis
much smaller than

���

and there are few disjunctionsin
the spatial constraint. The dimensiongraph and consis-
tencychecking algorithm can be usedfor points,intervals
andpolygonsin two-dimensionalspace. Thealgorithmcan
alsoguaranteeglobal consistency.

Keywords: Euclidean spatial constraint, consistency
checking,dimensiongraph,directionalrelationship

1 Intr oduction

The goal of spatial database[7, 9, 15] management
systemsis the effective andef�cient managementof data
related to physical space(ingeography, urban planning,
astronomy)or conceptualinformation space(in a multi-
dimensionaldecision support system, �uid �o w, or an
electro-magnetic�eld). The distinguishingfeaturesof a
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spatialdatabasemanagementsystemare the useof com-
plex datatypeslike points,lines,andpolygonsto represent
spatialobjectsandtheexistenceof many potentialrelation-
shipsbetweenspatialobjects.

An important meansof maintaining the integrity of
databasesin generaland spatialdatabasesin particularis
consistency checking,theidenti�cation of contradictoryin-
formationin a database.For example,if � , � and 
 are
threespatialobjectsandif � is westof � and 
 is westof

� andif thedatabaseindicatesthat 
 is eastof � thenthe
informationis inconsistent.The existenceof many poten-
tial spatialrelationshipsimplies that consistency checking
is morechallengingin spatialdatabasesthanin traditional
relationaldatabases.

Currently most consistency checking is basedon Al-
lens's propagation algorithm[1], which was originally
devised for checking temporal relationships on one-
dimensionalobjects.However, spatialrelationshipsaretyp-
ically formulatedamongmulti-dimensionalobjectsandthe
straightforwardextensionof Allen'salgorithmto spatialre-
lationshipsis prohibitively expensive.

In this paper, we addressthe problem of consis-
tency checkingfor directional spatial constraintsin two-
dimensionalEuclideanspace. We proposea dimension
graphrepresentationfor maintainingthespatialconstraints
amongobjects. Basically, the spatialconstraintsare pro-
jectedon two dimensions(XandY), andthe derived con-
straintson eachdimension(X/Y)aremaintainedin differ-
ent graphs(X/Ygraph). The problemof constraintconsis-
tency checkingis thus transformedinto a graphcycle de-
tectionproblemon dimensiongraphs.Cycledetectioncan
besolvedby traversingthegraphin lineartime. As wewill
seein latersections,theproposedconsistency checkingal-
gorithm is ef�cient in termsof both time andspace.The
algorithmalsoguaranteestheglobalconsistency.
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In this paper, we explore consistency checkingfor Eu-
clidean spatial constraintsamong points, intervals, and
2D Minimum Bounding Rectangles(MBRs)in spatial
databases.An MBR of a spatialobjectis thesmallestaxis
parallelrectanglewhichcoverstheobjects.

ConsistencyChecking Problem:
Given: A collectionof 0-th order1 spatialconstraintsin

termsof disjunctionsand/orconjunctionsof spatialpredi-
cates

Find: Consistency, i.e., returnTRUE if the constraints
areconsistent,Falseotherwise

Objective: Reducecomputationalcomplexity
Constraint:
(a)2D Euclideanspace.
(b) 2D regionobjectsareapproximatedby MBRs
(c) Spatialobjectsareof homogeneoustypes,(i.e.,point

pairs,interval pairs,or MBRs in 2D)
Consideran exampleof directionalconstraintsamong

point objectsA, B, andC. AssumeoneconstraintsaysA
is southeastof B, B is northwestof C, andA is northeast
of C. This constraintis consistent,andhencetheresultwill
beTRUE.An exampleof thepossiblespatialcon�gurations
satisfyingthis constraintis shown in Figure1.

C
A

North

East

B

Figure 1. One possib le spatial con�guration
for point objects A, B, and C

SupposewehaveanotherconstraintamongA, B, andC:
A is strictly northof B, B is northwestof C, andA is north-
eastof C. This constraintis inconsistentsincetheredoes
notexist any spatialcon�gurationof A, B, andC satisfying
this constraint.Theconsistency checkingalgorithmshould
returnFALSE.
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Most of the previous studieson consistency checking
are basedon Allen's consistency checkingalgorithm [1]
for constraintsamongintervals. The basicapproachused
a transitive closurealgorithm, which incurs a high order

10-thorderspatialconstraintsmeansthattherearenofreevariablesbut
only constantobjects

of time and spacecomplexity. Later, Hernandez[8] pre-
sentedmechanismsto maintaintheconsistency of aknowl-
edgebaseof spatialinformationbasedon a qualitative rep-
resentationof 2D positions.His approachimprovedAllen's
algorithmby usingtheheuristicof therich structureof the
spatialdomain.Bowmanandetal.[4, 3] addressedtheprob-
lem of consistency checkingbetweenmultiple viewpoints
usingstrategiesbasedonuni�cation. Otherwork[10, 6, 13]
has focusedon the problem of consistency checkingfor
more generalconstraints,such as 1-th order constraints.
Manandhar[12] discusseddeterministicconsistency check-
ing for LP constraints. Beneventanoand et al. [2] fo-
cusedon theproblemof providing a theoreticalframework
for consistency checkingof integrity constraintsin a com-
plicatedobjectdatabaseenvironment. We brie�y describe
Allen'sAlgorithm sinceit is basicto many algorithmsused
in consistency checking.

1.2.1 Allen' sPropagationAlgorithm

Allen[1] summarizedthirteenmutually exclusive relation-
ships to expressany possiblerelationshipbetweeninter-
vals(Table1).

Relationships symbol Symbolfor Inverse PictorialExample
X beforeY 6 7 XXX YYY
X equalY 8 8 XXX

YYY
X meetsY m mi XXXYYY
X overlapsY o oi XXX

YYY
X duringY d di XXX

YYYYYY
X startsY s si XXX

YYYYY
X �nishes Y f � XXX

YYYYY

Table 1. Thir teen possib le relationships pro-
posed by Allen[1]

In Allen's work[1], the relationshipsbetweenintervals
are maintainedin a network where eachnode

�:9

repre-
sentsthe individual interval i, andeacharc N(i,j) is asso-
ciatedwith possiblerelationshipsbetweenthecorrespond-
ing interval pair i and j. The basicalgorithm Allen used
for maintainingrelationshipswaspropagatingnew relation-
shipsby computingthe transitive closureof the relation-
shipsbetweenintervals.

Figure2 showsa network usedby Allen for consistency
checking.2(a)is thenetwork for two inputs,i.e.,Soverlaps
or meetsL, andSis before, meets,is metby, or afterR. After
thesecondinput is added,thealgorithmcomputesthecon-
straintbetweenL andR, andtheresultingnetwork is shown
as2(b). If weaddanew factL overlaps,starts,or is during



(< m mi >) S (o m)  R L

(< m mi >) S (o m)  R L

(< > o oi m di s si fi =)

(b)

(a)

S(<,m) (o m)

(o s)

LR

(c). After adding L --(os) --> R

Figure 2. Examples of Allen' s algorithm

R, weneedto propagateits effect throughthenetwork, thus
obtainingtheresultingnetwork 2(c).

As explainedin Allen'spaper[1], thetimecomplexity of
thisalgorithmis calculatedas:
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� for N inter-
vals,i.e.,

��� � �	�

. Thespacerequirementfor thealgorithm
is also

��� �

�

�

.
Allen notedthat [1], oneproblemwith this algorithmis

that it doesnot detectall inconsistenciesin its input. “In
fact,it only guaranteesconsistency betweenthreenodesub-
networks. Therearenetworksthatcanbeaddedwhich ap-
pearconsistentby viewing any threenodes,but for which
there is no consistentoverall labeling of the network.”In
otherwords,thealgorithmcannotguaranteeglobalconsis-
tency.

1.2.2 Our Approach

In this paper, we proposea new strategy to processcon-
sistency checkingfor Euclideanspatialconstraintsamong
objects.Weuseageometricapproachby incorporatingspa-
tial domaininformation. We proposedimensiongraphsto
maintainthe spatialconstraintsamongobjects. Eachcon-
junctive constraintis projectedon both X and Y dimen-
sions,andadimensiongraphis constructedoneachdimen-
sion.Spatialconstraintsin generalformatcanbeconverted
to the Disjunctive Normal Form(DNF)[14] , and dimen-
sion graphsareconstructedfor eachconjunction. Using a
dimensiongraphrepresentationtransformsthe problemof
constraintconsistency checkinginto the problemof graph
cycle detectionon eachdimensiongraph. Cycle detection
canbesolvedef�ciently with O(N+E)timeaswell asspace
complexity, whereN is thenumberof spatialobjects,andE
is thenumberof spatialpredicatesin theconstraint.Recall
that Allen's algorithmhasa time andspacecomplexity of

����� �	�

. Theproposedapproachis fasterwhenthenumber
of predicatesis much smallerthan

� �

and thereare few
disjunctionsin the spatialconstraint. Sincethe algorithm
returnsTRUE if andonly if thedimensiongraphof at least
oneconjunctioncontainsno cycle, which meansthereex-
istsat leastoneconsistentoverallconstraint.Thealgorithm
thusguaranteesglobalconsistency.
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In this paper, we addressthe problem of consistency
checking for spatial constraintsin two-dimensionalEu-
clideanspace.Wedealonly with 0-thorderconstraints.We
focuson the qualitative constraintsamongobjects,which
include topologicaland direction relationships. We con-
sidertheconstraintsamongpoint objects,interval objects,
andregion objectsapproximatedby MBRs. We focuson
consistency checking for homogeneoustypes of objects.
Consistency checkingfor the constraintsspeci�ed among
mixedtypesof objects(e.g.theconstraintsbetweena point
andaninterval) is beyondthescopeof thepaper, andmay
beaddressedin futurework. We only discussa speci�c set
of predicatesde�ned in Euclideanspace.Someconstraints
that areinconsistentin Euclideanspacemay be consistent
in sphericalspace.Consistency checkingfor predicatesin
otherspaceis beyondthescopeof this paper.

The organizationof this paperis asfollows: In section
2, we proposea dimensiongraph representationfor the
conjunctive constraintsamongpoints and intervals. Con-
sistency checkingfor conjunctive constraintsbasedon the
dimensiongraph representationis introduced in section
3. In section4, we discussdimensiongraphconstruction
andconsistency checkingfor conjunctiveconstraintsamong
MBRs. Finally, consistency checkingfor constraintsin gen-
eral format is describedin section5. The paperendswith
conclusionsandrecommendationsfor futurework.

2 DimensionGraphs for Conjunctive Spatial
Constraints

In this section,we describethe constructionof dimen-
siongraphsfor conjunctivespatialconstraintsamongpoints
andintervals. The basicideais to project the conjunctive
spatialconstraintonto eachdimensionandconstructa di-
mensiongraphbasedonconstraintsoneachdimension.The
dimensiongraphfor pointsin 2D spacecontainsanX-graph
anda Y-graphandthedimensiongraphfor intervals in 1D
spacecontainsonly onegraph. We alsoanalyzethe com-
putationalcomplexity for thedimensiongraphconstruction
algorithm.
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Westartby de�ning asetof absolutedirectionpredicates
for point objectsin termsof coordinates.Here,we assume
theglobalcoordinatesystemarealignedwith thereference
frameof absolutedirections,i.e.,

�$#&%&')(

alignswith they-
axis,and *,+.-

'

alignwith thex-axis.Thede�nition for each
predicateis given in Table2. The�rst columnof the table
enumeratesthe directionpredicates.The secondandthird



Directionpredicates
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8 8
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8 7
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8 6
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7 8

%'&�"(� �
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6 8

�� �

���)���

7 7

�*% �

���)���

6 7

�  �

���)���

7 6

� % �

���)���

6 6

Table 2. Direction Predicates for point objects
in terms of coor dinates

columnsrepresentthe relationshipsbetweenthe two point
objectson the X and Y dimensionsrespectively. �,+.- ��+

are the y-componentsof A andB, and �*/�- ��/ are the x-
componentsof A andB. Figure3(a) illustratesthe de�ni-
tion. Thepredicatesarede�ned usingdirectionequivalence

Y

X

North

East

SW

West

South
SE

NW NE

(a) De�nitions
of the predi-
cates

E

NA B

C

East(B, A),  NW(A, C), SW(C, B)
West(A, B), NE(B, C), SE(C, A)

(b) Examplesof predicates

Figure 3. Illustration of the predicates

classes[16] by partitioning the space. SP(A,B) meansA
andB areon thesameposition.
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-
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representexactdirections,while
�

* ,
�

3

, 0�* , and
0

3

canpoint to any directionin theirrespectivequadrants.
Figure3(b)showsexamplesof predicatesdescribingthedi-
rectionalrelationshipsamongpointsA, B andC, i.e., B is
eastof A, A is northwestof C, andC is southwestof B.

The spatialconstraintsrepresentedin termsof the con-
junctionsof predicatescan be maintainedon two graphs,
the X-graph and the Y-graph. The nodesin both graphs
representtheobjectsforming theconstraints.Thedirection
constraintsarerepresentedasdirectededgesin eachgraph
accordingto thesymbolin columns2 and3 of Table2. The
edgeextendsfrom thenodewith asmallervalueto thenode
with a largervalue. If thesymbolis ' 6 ', thetwo nodesare
mergedinto onenode.Figure4 showsthegraphrepresenta-
tion for theconstraintNorth(A,B) 7 NW(B,C) 7 SE(B,D).
Thedimensiongraphis aunionof theX-graphandY-graph,
andis constructedaccordingto thede�nition of eachpred-
icate in Table 2. Algorithm 1 is the pseudo-codeof the
graphconstructingprocedure.The input of the algorithm

X-graph Y-graph

B

A
C

A

D

C

D

B

Figure 4. Dimension graph for Nor th(A,B) 7

NW(B,C) 7 SE(B,D)

Algorithm 1 ConstructingDimensionGraphfrom conjunc-
tivespatialconstraintsfor points:constructGraphPoint

Input : 8

��92:#;���9<"(�=�>!@?A9B�

is a set of conjunctive predicates
Output : 8

��9<"(�=�>!@?A9B�DC	��!�E
�

consists of the corresponding X/Y-
graphs.

Graph constructGraphPoint(Predicates conjConstraint) F

Graph constraintGraph = G ;
for each entry

E*H

conjConstraint
add a predicate point(

E

, &constraintGraph);
return constraintGraph;

I

add a predicate point(Predicate p, Graph* aGraph ) F

fObject = getFirstObject(
E

);
sObject = getSecondObject(

E

);
addNode(fObject, sObject, aGraph.graphX);
symbol =�ndXconstr aint(Table 2, p);
addEdge(symbol, fObject, sObject, aGraph.graphX);
addNode(fObject, sObject, aGraph.graphY);
symbol =�ndYconstr aint(Table 2, p);
addEdge(symbol, fObject, sObject, aGraph.graphY);

I

is the conjunctive constraintand the output is the dimen-
sion graph. For eachpredicatein the conjConstraint,the
algorithminvokesthesub-functionadd a predicatepoint
to addthepredicateto thedimensiongraph.This function
calls subfunction+<J�J

�$#

J

4

to addnodesthat do not exist
in the dimensiongraphinto the graph,and calls function

+<J�J *KJML

4

to add the spatial relationshipsbetweennodes
into thedimensiongraph.Theimplementationof +<JBJ

� #

J

4

and +BJBJ *KJ
L

4

is omittedhere.
We caneasilysummarizethecomputationalcomplexity

for this algorithm. Let N be the numberof spatialobjects
involved andE be the numberof spatialpredicatesin the
conjunction.

N Timecomplexity = O(N+E);
Any of thesub-functionsaddNodeandaddEdgetakes
constanttime(O(1)). �ndXconstraint and�ndYcon-
straint are essentiallytable lookup functions,which
canalsobe executedin constanttime. The whole al-
gorithm, therefore,hasthe time boundof O(E). The
generatedgraphhasatmostN nodesandE edgeseach



in theX-graphandY-graph.

N Spacecomplexity O(N+E).
We can processone dimensiongraphat a time, the
spacerequirementis alsolinearto thegraphelements.
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The relationshipsbetweenintervals proposedby Allen
[1] can be de�ned in termsof the endpointsof intervals.
Table3 shows thede�nition of the13 relationships,where

�

�

- �

� and �

�

- �

� representthestartandendpointsof the
intervals A andB respectively. Allen's symbolsareused
here.

Predicatename predicates point relationships
before 6

�

���)��� ���

6

���

equal 8

�

���)���

�

���

8

�����	�

�

�
�

8

�
���

overlaps
�

�

�������

�

���

6

�����	�

�

�
�

7

���$�

�

�

���

6

���>�

meets �

�

�������

�

���

8

�����

during 
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�
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7

�����	�

�

�
�

6

�
���

starts
"

�

�������

�

���

8

�����	�

�

�
�

6

�
���

�nishes �

�

�������

�

���

7
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�

�
�

8

�
���

after �

?
�

������� �
�

6

���

overlapby
��?
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�������

�

�
�

6

�
�

�	�

�

�
�

7

�
�

�

�

�

�
�

6

�
�>�

metby �

?
�

�������

�

�
�

8

�����

duringby 


?
�

�������

�

���

7

�����	�

�

���

6

�����

startby
"(?

�

�������

�

�
�

8

�
�

�	�

�

�
�

6

�
�

�

�nishedby �

?
�

�������

�

���

7

�����	�

�

�
�

8

�
���

Table 3. Spatial relationships for inter vals,
where � and ��� describe directional relation-
ships and other s are topological relation-
ships

The relationshipsrepresentedin termsof conjunctions
of predicatescanbe maintainedin directedgraphs,where
thenodesrepresentstartor endpointsof the individual in-
tervals,andthedirectededgesrepresenttheconstraintsbe-
tweenthe two points. Eachedgeis addedto thegraphac-
cordingto thede�nition in Table3. Theedgesextendto the
nodeswith largervaluesfrom thenodeswith smallervalues.
Thenodeswith thesamevaluesaremergedintoonenode.It
is worth notingthat thereis an intrinsic constraintbetween
the startpoint andthe endpoint of an individual interval,
i.e., start-point � end-point.Figure5 shows thegraphrep-
resentationfor theconstraint�
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0 -��

�
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4#4
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�
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�

.
Thegraphis constructedaccordingto thede�nition of each
predicatein Table2. Thedashedarrow representstheintrin-
sicconstraintof thestartpointandendpoints.Thepseudo-
codeof thegraphconstructingprocedureis givenin Algo-
rithm 2.

spatial constraint

intrinsic constraint
RS

Interval relationship

L

R1 R2S1 S2

L1 L2

S1 S2
L1

R1 R2

L2

Before(S, R) and Meets(S, L)

Figure 5. �
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Algorithm 2 ConstructingGraph from conjunctive con-
straintsfor intervals: constructGraphInter val

Input : 8

��9 :#;���9."(�=��! ?A9��

is a set of conjunctive predicates
Output : 8

��9<"(�=�>!@?A9B�DC	��!�E
�

is the corresponding graph

Graph constructGraphInterval(Set of Predicates conjConstraint) F

constraintGraph = G ;
for each entry

E*H

conjConstraint
add a predicate interval(

E

, &constraintGraph);
return constraintGraph;

I

add a predicate interval(Predicate
E

Graph* aGraph ) F

fObject = getFirstObject(
E

);
sObject = getSecondObject(

E

);
addIntervalNode(fObject, sObject, constraintGraph);
pointPredicates = convertToPoint(

E

); //according to Table 3
for each

�
���

� � �

in pointPredicates F

if
���

6

� �

add directed edge
�!�

�"� �

to aGraph;
if

���

7

� �

add directed edge
�

���

�

�

to aGraph;
if

���

8

� �

merge node
�

and
�

in aGraph;
I

I

The input of the algorithmis theconjunctive constraint
andthe output is the correspondingdimensiongraph. For
eachpredicatein theconjConstraint,thealgorithmcallsthe
subfunctionadd a predicate interval to addthepredicate
to thedimensiongraph. This functionaddsnodesthatare
not in thedimensiongraphinto thegraph,andaddsthespa-
tial relationshipsbetweennodesinto thegraph.

Let N be the numberof objects(intervals)andE be the
numberof interval predicatesin conjConstraint.Following
a similar argumentin Algorithm 1, we canderive the time
complexty O(E) andspacecomplexity O(N+E).

3 Consistencychecking for conjunctive con-
straints

In the previous section,we describeddimensiongraph
constructionfor conjunctive Euclideanspatial constraints
amongpoint objectsor intervals. In this section,we de-
scribetheconsistency checkingalgorithmbasedon thedi-
mensiongraphrepresentations.

Let's revisit the examplegiven in Figure4. If we add
a new constraint

�

*

�

�K- 


�

, the new constraintgraphis
given in Figure 6. A new edgeis addedto eachgraph.



X-graph Y-graph

A
B B

D
D

C
A

C

Figure 6. Nor th(A,B) 7 NW(B,C) 7 SE(B,D) 7

NE(A,C)

As can be seenin the �gure, a cycle is constructedin
the X dimensiongraph. In other words, the constraintof
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re-
quiresthat thex-valueof A besmallerthanthex-valueof
C, andthat thex-valueof C besmallerthanthex-valueof
A. This is acontradiction,whichmeanstheconstraintis in-
consistent.In general,we cancharacterizethis featureas
Theorem1.

Theorem1 A conjunctiveconstraint is consistentif and
only if there exists no cycle in its correspondingdi-
mensiongraphs, i.e., the graphs are all directedacyclic
graphs(DAG).

Proof: Omittedto save space.Pleaserefer to [11] for de-
tails.

�3��� �)!,4$�"0
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Wenow describethealgorithmfor consistency checking
for conjunctive spatialconstraintsamonga setof pointsor
a setof intervalsbasedon dimensiongraphrepresentation.
Consistency checkingfor conjunctive constraintsinvolves
two steps: 1) Constructingthe correspondingdimension
graph;2) Performingcycle detectionon eachgraph. The
constraintis consistentif noneof thegraphscontainsa cy-
cle. Thepseudo-codeis describedin Algorithm 3.

The algorithm �rst constructsthe dimensiongraphby
invoking subfunctionconstructGraphPoint or construct-
GraphInter val accordingto the type of the object. The
function detectCycleperformscycle detectionon the cor-
respondingdimensiongraph.ThealgorithmreturnsTRUE
if nocycle is detected.

A nicepropertyof thisalgorithmis itsef�ciency. Consis-
tency checkingis simply graphcycle detection,which can
easilybedonein lineartime. As in theprevioussection,let
N bethenumberof spatialobjectsandE bethenumberof
spatialpredicatesinvolvedin theconjunctiveconstraint.

N Timecomplexity = O(N+E);
O(N+E) is the time for cycle detectionin a directed
graphwith N nodesandE edges[5]. As we explained
in section2, eachX-graph and Y-graphfor a set of

Algorithm 3 Consistency checking: conjunctionConsis-
tencyCheck

Input : 8

��9 : �
9

8

�=?A��9.;���9<"(�=�>!@?A9��

is a set of conjunctive predicates
Output : TRUE if consistent, FALSE otherwise

conjunctionConsistencyCheck(Set of Predicates conjunctionCon-
straint) F

Graph constraintGraph = G ;
if the constraint is among

E
��?A9��D"

constraintGraph = constructGraphPoint (conjunction-
Constraint);

else //the constraint is among
?A9���&���� !

�

"

constraintGraph = constructGraphInterval (conjunc-
tionConstraint);

if !detectCycle(constraintGraph)
return TRUE;

return FALSE;
I

pointshasat mostN nodesandE edges,and the di-
mensiongraphfor intervalshasat most2N nodesand
3E edges. Therefore,O(2N+3E) is the upperbound
time complexity for consistency checkingfor a con-
junctiveconstraint,which is thesameasO(N+E).

N Spacecomplexity =(N+E).
We canprocesson onedimensiongraphat a time, the
spacerequirementis alsolinearto thegraphelements.

Sinceour methodof consistency checkingis basedon
cycle detectionin the correspondingdimensiongraph,the
algorithmcanalways detectinconsistentconstraints.The
algorithmthusguaranteesglobalconsistency.

4 Consistency Checking for Conjunctive
Constraints Among MBRs

In the previous section, we discussedthe dimension
graphsfor conjunctive constraintsamong2D points and
1D intervals,andalsodescribedthedimensiongraphbased
consistency checkingalgorithm. In this section,we extend
our dimensiongraphbasedapproachto 2D spatialobjects
approximatedby MBRs. Examplesof 2D spatialobjects
includepolygonregions.

It is commonin spatialdatabasesto approximate2-D re-
gionsby minimum boundingrectangles(MBRs)which are
orthogonalwith respectto theglobalcoordinatesystem.

By usingMBR approximation,wecanusetwo represen-
tative points,namelylower-left andupper-right corners,to
determinethe correspondingobject. In the restof the pa-
per, we usethe notationof ����� and ���	� to representthe
lower-left andupper-right cornersof theMBR for any ob-
ject A. The notationsof �
�����

/
- �
�����

+
- �
�	�
�

/ and �
�	�
�
+ are

usedto representthex andy coordinatesfor the lower-left
andupper-right cornersof MBR A.



The directionalrelationshipbetweenMBRs canbe de-
terminedby the relationshipsbetweenthe representative
points.Table4 shows thede�nitions of thedirectionpredi-
catesbasedon therepresentative pointsof theMBR of the
objects.The�rst columnof thetableenumeratesthedirec-
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Table 4. Direction Predicates for MBR

tion predicates.The secondcolumn gives the constraints
that shouldbe satis�ed by the representative pointsof the
objects.
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The dimensiongraphfor eachdirectionpredicatecon-
tains an X-graph and a Y-graphwhich maintainthe con-
straintsthat mustbe satis�ed on the X andY dimensions
respectively. Thenodesin thesegraphsrepresenttheobjects
forming theconstraints.Theconstraintsarerepresentedas
directededgesaccordingto theconditionsspeci�ed in col-
umn2 of Table4. Similar to theX-graphandY-graphfor
points,a directededgegoesfrom the nodewith a smaller
valueto thenodewith a largervalue.If thevalueassociated
with two nodesis same,thetwo nodesaremergedinto one
node.We introducea new `thick arr ow' edgehereto rep-
resentthenew relationshipsof � or � . If the relationship
betweentwo nodes� and � is ����� , a`thick arrow' directed
edgeis addedfrom � to � . If therelationshipbetween� and

� is ����� , a `thick arrow' directededgeis addedfrom �

to � . The dashedarrow is usedfor the intrinsic constraint
betweenthelower-left pointandtheupper-right pointof an
MBR.

Thedimensiongraphfor aconjunctiveconstraintis con-
structedby addingthe constraintsspeci�ed in eachpredi-
catein theX-graphandY-graph.Figure7(a)and(b) shows
an exampleof the dimensiongraphfor a conjunctive con-
straintof
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. Figure
7(c) is a possiblespatialcon�guration amongMBR A, B
andC.
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(c) MBR configuration

Figure 7. Example MBR con�guration and its
corresponding dimension graphs, thic k ar-
row represents � , thin arrow represents �

We now describedimensiongraphconstructionfor con-
junctive constraintsfor MBRs. The pseudo-codeof the
graphconstructingprocedureis given in Algorithm 4. For

Algorithm 4 ConstructingGraph for MBR constraints:
constructGraphMbr

Input :
;���9 :@�M9

8

�=?=��9.;���9."(�=��! ?A9��

is a set of conjunctive predicates
between MBRs

Output : 8

��9."$�=�>! ? 9B�DC	�>!(E
�

consists of the corresponding X/Y-
graphs.

Graph constructGraphMbr (Set of Predicates conjunctionCon-
straint) F

Graph constraintGraph = G ;
for each entry

E*H

conjunctionConstraint
add a predicate MBR(

E

, &constraintGraph);
return constraintGraph;

I

add a predicate MBR(Predicate aPredicate, Graph* aGraph ) F

pointPredicates= �ndfromTable(aPredicate);
for each predicate

�
���

� � �

H

pointPredicates
addNode(

�

,
�

, aGraph.graphX);
addEdge(

�
�!�

�"� �

, aGraph.graphX);
addNode(

�

,
�

, aGraph.graphY);
addEdge(

�
�!�

�"� �

, aGraph.graphY);
I

eachpredicatein the conjunctionConstraint,the algorithm
invokesthe sub-functionadd a predicateMBR to add it
to the dimensiongraph. The basicstrategy of this func-
tion is �rst to transformthe MBR predicateinto a point-
predicateset,andthento addeachpoint predicateinto the
graph.To accomplishthis, +<JBJ

� #

J

4

and +<J�J *KJML

4

arein-
voked.Pleasereferto [11] for thedetailedalgorithm.

Let N bethenumberof objects(i.e.MBRs)andE bethe
numberof predicatesin theconjunctionConstraint.We can
summarizethecomplexity asfollows:

N Timecomplexity = O(E);
According to Table 4, at most four point predicates
shouldbesatis�ed for eachMBR directionpredicate,
and henceat most four edgesaddedfor eachpredi-
cate. The time complexity for this algorithmis there-



foreO(E).

N Spacecomplexity = O(N+E).
The resultingconstraintGraphconsistsof at most2N
nodesand4Eedges.Thespacerequirementis linearto
thenumberof nodesandedges,roughly2N+4E,which
is O(N+E).
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After constructingdimension graphs for conjunctive
constraintsamongMBRs,we canchecktheconsistency by
detectingcyclesin the dimensiongraphs. Therearethree
possiblesituationsandcorrespondingresults:

Case1: Thereexistsno cycle (constraintpredicatesare
consistent)

Case2: Every cycle consistsof only thick edges(con-
straintpredicatesareconsistent)

Case 3: At least one cycle consists of non-thick
edges(constraintpredicatesareinconsistent)

Case1 is obvious.No cyclemeansthereexistsa consis-
tentspatialcon�guration amongall objects.Figure7 is an
exampleof consistentconstraintswhosedimensiongraphs
containnocycle.

In case2, sinceevery cycle detectedcontainsonly thick
edges. Recall that any thick edge ��� � representsthe
factthattherelationshipsbetween� and � is ` � ', i.e.,either

� 6 � or � ��� couldhold. If welabelall thickedgesas' 6 ',
all thenodesinvolvedin thecyclewill havesamevalue.We
canthenmergethis cycle with a big nodeconsistingof all
nodesinvolved in the cycle. The transformedgraphcon-
tainsno cycle, andthe correspondingconstraintis consis-
tent.Figure8 showssuchanexample.Figure8 (a) is thedi-
mensiongraphfor constraint
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,
it containsacyclewith only thickedgesin theX-graph.Fig-
ure8 (b) illustratesthetransformedX-graphaftereachcycle
is mergedinto onenode.Thereis no cycle in this resulting
graph.This constraintis obviously consistent.Figure8 (c)
is asamplecon�guration.

Case3 is easyto understand.If thereis a cycle contain-
ing at leastonenon-thickedge,no matterhow we labelthe
thick edgesin thecycle,wecannotremovethecycle. There
mustbecon�icts amongcoordinatesof theobjectsinvolved
in thecycle,andhence,theconstraintis inconsistent.Figure
9 shows anexampleof theconstraintsamongA, B, andC.
Theconstraintis:
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As canbe seen,thereexist cyclesin both the X andY di-
mensiongraphsof theconstraint.No spatialcon�guration
of A, B, C cansatisfythis constraint.Thustheconstraintis
inconsistent.

Basedon theabovearguments,we cannow describethe
consistency checkingalgorithmfor MBRs in Algorithm 5.
The algorithm�rst calls function constructGraphMbr to
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Figure 9. Dimension graphs for
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Algorithm 5 Consistency checkingfor conjunctive MBR
predicates:MBRconjunctionConsistencyCheck

Input : 8

��9 : �
9

8

�=?A��9.;���9<"(�=�>!@?A9��

is a set of conjunctive predicates
Output : TRUE if consistent, FALSE otherwise

MBRconjunctionConsistencyCheck(Set of Predicates conjunction-
Constraint) F

Graph constraintGraph = G ;
constraintGraph = constructGraphMbr (conjunctionCon-

straint);
if !detectCycle(constraintGraph)

return TRUE;
else if the cycle contains thin edge

return FALSE;
else return TRUE;

I

constructthe dimensiongraph,andthenusesdetectCycle
to detectcyclesin thedimensiongraph.It returnsTRUE if
nocycle is detected.If adetectedcyclecontainsthin edges,
thealgorithmreturnsFALSE, otherwise,returnsTRUE.

Let N bethenumberof objects(i.e.,MBRs)andE bethe
numberof predicatesin conjunctionConstraint.

N Timecomplexity = O(N+E);
The time complexity for cycle detectionis O(N+E).
Checkingtheedgetypein acyclecanbedoneby turn-
ing on a �ag if thetraversepassesa thin edge.There-
fore, this checkingdoesnot requireextra time com-
plexity, andthetime complexity is thenO(N+E).

N Spacecomplexity = O(N+E).
The dimensiongraph consistsof at most 2N nodes
and4E edges.In orderto recordthe edgetype, each
edgemayneedanextra �ag, whichwill addanotherE
space.The total spacerequiredis roughly2N+4E+E,
which is O(N+E).

5 Consistency Checking for Constraints in
GeneralFormat

In the previous sections,we describedthe dimension
graph representationand the consistency checkingalgo-
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rithms for conjunctive constraintsamongpoints,intervals,
andMBRs. In this section,we extendthedimensiongraph
basedconsistency checkingalgorithmto constraintsin gen-
eralformat.
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Constraintsin generalformat can be transformedinto
Disjunctive Normal Form(DNF),which is a disjunctionof
conjunctionswhereno conjunctioncontainsa disjunction.
Eachconjunctionin theDNF constraintcanberepresented
by adimensiongraphby applyingthealgorithmconstruct-
GraphPoint or constructGraphInter val. The dimension
graphof a generalformat constraintthereforeis a collec-
tion of all the dimensiongraphsconstructedfrom all its
conjunctions.Thenumberof graphsets(X/Y-graphsor in-
terval graph)is thesameasthenumberof conjunctionsin
theDNF.

R1 R2

S1 S2

L1

L2

R1

S1

R2

L2

L1

S2

(a) before(S,R) and meets(S, L) and overlaps(L,R) (b) metby(S,R) and meets(S, L) and overlaps(L,R)

Figure 10. Constraint graphs for (S meets L)
and (S before or metb y R) and (L overlaps R)

Figure 10 is an example of the dimension graph
maintaining the constraint of ”S meets L and S be-
fore or metby R and L overlaps R” for intervals
S, L and R. The DNF format of the constraint
is:

�

�

4 �

#&%

4

�

0�-��

�

7 �

424

'

-

�

0�-��

�

7

#��

4

%��

+	� -

�

� -��

� ���

�

�

4

'

�
	

�

0�-��

�

7��

424

'

-

�

0�-��

�

7

#��

4

%��

+	� -

�

� -��

� �

. Thetwo
conjunctionscorrespondto Figure 10(a) and (b) respec-
tively.
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After constructingthe correspondingdimensiongraph
for theconstraints,thecycledetectionfunctionis performed
on eachsubgraphrepresentinga conjunctive constraint.If
eachsetof thesubgraphscontainscycles,theconstraintis
inconsistent.If a subsetof graphscontainscycle, thecon-
straintcombinationscorrespondingto thosegraphscontain-
ing cyclesareinconsistent.The combinationscorrespond-
ing to thegraphswithoutcyclesareconsistent.Algorithm 6
is thepseudo-codefor consistency checkingfor generalfor-
matconstraintsamongpointsor intervals. Theconsistency
checkingalgorithmcontainsthreesteps:Normalizing the
constraintsto standardDNF formats;constructingdimen-
siongraphsfor eachconjunctionin DNF; performingcycle
detectiononeachgraph.

Algorithm 6 Consistency checking:consistencyCheck

Input : 8

��9."(�=��! ?A9��

is the constraint needed to be checked
Output : TRUE if consistent, FALSE otherwise

consistencyCheck(Set of Predicates constraint) F

DNF dnfConstraint= normalize(constraint);
Set of Predicates consistentConstraint = G ;
for each conjunction

E*H

dnfConstraint F

if objects are MBRs
if MBRconjunctionConsistencyCheck(

E

)
add

E

to consistentConstraint;
else if conjunctionConsistencyCheck(

E

)
add

E

to consistentConstraint;
I

if consistentConstraint 8 8 G

return FALSE;
return TRUE;

I

The subfunctionnormalize preprocessesthe constraint
andtransformsthe generalformat constraintinto its DNF
format. Secondly, the consistency for eachconjunctionof
theDNF representationis checkedby callingtheAlgorithm
conjunctionConsistencyCheckor MBRconjunctionCon-
sistencyCheckaccordingto the typeof object. If thecon-
junctionconstraintis consistent,theconjunctionto consis-
tentConstraintis added.The �nal resultof consistentCon-
straintcontainsall the consistentconstraintcombinations,



eachof which representsa globallyconsistentconstraint.
In the exampleof constraintsamongintervals as illus-

tratedin Figure10,theconjunctiondepictedin Figure10(b)
containsacycleandhencethecorrespondingconjunctionis
inconsistent.Figure11 shows theonly consistentconjunc-
tion andoneof its possibleinterval con�gurations.

RS

Interval relationship

L

R1 R2

S1 S2

L2

L1

Figure 11. S meets L and S before R and L
overlaps R)

Let N bethenumberof spatialobjectsandE bethenum-
berof spatialpredicatesbeingcheckedfor consistency, and
CORbethenumberof all possiblecombinationsof disjunc-
tivepredicates,i.e., thenumberof conjunctionsin DNF, the
complexity of thealgorithmcanbesummarizedasfollows:

N Timecomplexity = O(N+E)*O(COR);
Theconsistency checkingalgorithmfor generalformat
constraints�rst generatestheDNF for theconstraints,
andthencalls theconjunctionConsistencyCheckal-
gorithm for eachconjunction. O(N+E) is the time
for consistency checkingfor a conjunctionconstraint.
Therefore,thetotal timeboundis O(N+E)*O(COR).

N Spacecomplexity = O(N+E).
CORdoesnot contributeto spacefactor, sincegraphs
canbeprocessedoneata time.

6 Conclusionsand Future Work

In this paper, we proposea new strategy to processcon-
sistency checkingfor Euclideanspatialconstraintsamong
objects.Weuseageometricapproachby incorporatingspa-
tial domaininformation.Dimensiongraphsareproposedto
maintainthe spatialconstraintsamongobjects. Eachcon-
junctiveconstraintisprojectedonbothX andY dimensions,
andagraphis constructedfor theconstraintoneachdimen-
sion. The spatialconstraintsin generalformat are main-
tainedin a setof dimensiongraphconstructedfrom their
conjunctions.By usingthis framework, we transformcon-
straint consistency checkinginto a graphcycle detection
problemondimensiongraph.Cycledetectioncanbesolved
ef�ciently with O(N+E) time aswell asspacecomplexity,
whereN is thenumberof spatialobjects,andE is thenum-
ber of spatialpredicatesin the constraint. The proposed
approachto consistency checkingfor spatialconstraintsis

fasterwhenthenumberof predicatesis muchsmallerthan
� �

andtherearefew disjunctionsin thespatialconstraint.
SincethealgorithmreturnsTRUE if andonly if thedimen-
siongraphof at leastoneconjunctioncontainsnocycle,the
algorithmguaranteesglobalconsistency.

In future work, we would like to explore consistency
checkingamongmixed typesof objects,e.g. consistency
checkingfor constraintsbetweenpointsandintervals. We
would also like to apply the dimensiongraph basedcy-
cle detectionalgorithmto imagesimilarity-basedimagere-
trieval.
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